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ASSIGNMENT No. 2
dy

= 2x 1Y —
Q.1 a) Solve dx such that Y(1) =%,

; dy
Selution: —= = 2x 1
glution: —~ (1)
This is an initial value problem.
dy = 2xdx

By intégrating

fcijr IZxdx

We have

y =27 ?

So,¥ = x% + ¢, with arbitrary constant c, is the general solution of (1). Since
¥{1) = 4, we have: 4= 12 4-&'= C=3

Thus ¥ = x2 + 3 is the solution’of the initial value problem% = 2x.

2

J =

=+ _ . _
b) Solve &** Y subject to the conditions y=3y"(1=-4

Solution: Here we observed that both the conditiens relate to one value ofx, this
is an initial value problem. So the general solution of the-given equation is:

¥ =L, sinx+ (5 cosx (1)

The initial conditions implies that:

3 =0C;sm(1)+ C;cos (1)

—4 = (; cos(1) — C, sin(l)

Solving for {yand €5, we find,

C; = —4 cos(1) + 3sin (1)

€, =3 cos(1)+ 4sin (1)

With these values of €5 and &5, (1) is the required solution.

dy
— —4y =8
Q.2 a) Solve the linear differential equation: dx v
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Solution: This linear equation can be solved by separation of variables. Alternatively,
since the equation is already in the standard form of dy/dx+P(x)y =f (x).
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The integrating factor is €« = er (~4y%= ¢+
Now multiply the integrating factor with the given equation we have
dt 2is :
e 1z 4Y l*’;"( lr _ 8e la
dx
we have
d

dx
Integrating both sides gives from the above equation

-/.d[f*_"'y] = fﬁr—“"dr

[(: 1'*'5:] — Be~¥*

Simplifying
By y= 8% +c
Thus the solution of the differential equation 1s
y=-2+ce"

In case of aj, ap, and g in (7.1) are constants, the differential equation is
autonomous. In Example 7.1, you can verify from the normal form dy/dx = 4(y +
2) that 2 is a critical point and that.it is unstable and a repeller. Thus a solution
curve with an initial point either above or below the graph of the equilibrium

solution y = —2 pushes away from this herizontal line as x increases.

Notice in the general discussion and in Example 7.1 we disregarded a constant of
integration in the evaluation of the indefinitedntegral in the exponent of e

If you think about the laws of exponents and the fact that the integrating factor
multiplies both sides of the differential equationy you should be able to answer

why writing & is pointless.

b)  Solve the following exact differential equation:

2xydx +(x2 — 1)dy =0
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Solution:
In above equation we have
M (x,y) =2xy N (xy)=x"1
we have the
oM aN
2r = —
iy i
Thus the equation 1s exact and so there exist a function f(x,v) such that
ﬂ 2xy — =z —1
dar : and dy

From the first of these equations we obtain, after integrating,
fy)=xy+g®)
Taking the partial derivative of the last expression with respect to y and setting the

result equal to N(x,y) gives
af gy 2 () 21
—— = .r { i) = r
8y g (y

[t follows that

r

g (y) ="—» . and g(y) =y

Hence, f (x,y) = x°y —, and so the solution of the equation in implicit from is x’y
—y = ¢. The explicit form of the solution 4§ easily seen to be y = c:-,f’()c2 —1) and is
defined on any interval not containing eithet x = lhor x =—1.

Q.3 The given function family is the general differential equation'solution at the defined interval. Find a

family member who is a solution to the problem of initial value problem.

Ly=cie®+ e (—o0,00) y —y=0, y(0)=0, ¥ (0)=1

2. y=cix+crlnz (0,00) 2% —zy+y=0, y(1)=3, ¥ (1)=-1
1

Verify that the indicated family of functions is a solution of the given differential eqgUaion. Assume an
appropriate interval I of definition for each solution.
d® o d? d .
38 Y E:cz—y — :c—y 4oy = 122>
dx3 dr? dx
y=cix  +car+eczzlnz + 4z°
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Verify that the indicated family of functions is a solution of the given differential equation. Assume an
appropriate interval I of definition for each solution.

dP cqet
—=P1-P); P=——
dt ( ], 1+C1€t

Q.4 a) Given thaty, = e"is solution of y' —y = 0 on the interval (- o, ®), use reduction of order to find
a second solution y:.
Solution
If v = u(x)ri(x) = u(x)e', then the first two derivatives of y are obtained from the
product rule
y = ue +eu

y =ue® +2¢%u + €*u

By substituting and y into-the original DE, it simplifies to

@ YWy — (u” -+ 2”)) — 0
Since €' # 0, the last equation requires u# +2u = 0. If we make the substitutionw =
u , this linear second-order equation in u becomes w + 2w = 0, which is a linear
first-order equation in w. Using the'integrating factor ™, we can write d/dx[e™w]
= (. After integrating we get

w = €,ex
or
Uo= C,e-2x
Integrating again then yields
I s
U= ——Ce "+
2 | 2
Hence
]
[ u(x)e” cre T+ e’
Y () 5 ! 2 (8.8)
By choosing ¢; = 0 and ¢; = —2 we obtain the desired second solution, y, = e .

Because W(e',e ") 6= 0 for every x, the solutions are linearly independent on (-
00,00).

b) Evaluate & {sin 2t} .

£ {sin2t} = / e *'sin 2t dt
0
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Using integration by parts we have

= B
Z {sin2t} = ﬁ‘ + —/ e cos 2t dt
0

S 0 S

2 o0
Z {sin2t} = —/ e * cos 2t dt
0

I.g.

Agaimapplying integration by parts

2 —eteos2t|” 4 [™
L {sin2t} = - ——| - —2/ e Stsin 2t dt
S 5 0 5 0
2 4 [
ZL{sin2t} =5 — = e”* sin 2t dt
S s2 f,

SR O —st i ¢
Now as & 15in 2t ZY¢ e * sin 2t dt, o have
2 4

Z {sin2t} = 5 3—2_‘2' {sin 2t}
Simplifying we have
2
Z {8in2p} = — >0
Q.5 a)  Evaluate Z{f (t)} for f (t) = {0, 0 o g i3

This piecewise-continuous function appears‘in figure. Since /' is defined in two
pieces, & {f ()} is expressed as the sum of two integrals

o0

Z{f )} =f: f"*‘f(t)dt=/:r—“(u)dt+[ et (2) dt

3

2{ @) =-2~
| 3
L) = 2"'j&s.s >0

b) Find the laplace transformation of the following functions.

f ={1, o<t <11, t>1



F(s)

At this stage we need to recall a limit from Cal 1:

€$—>{

Hence,

lim

b—+oco

Thus,
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/OOO e—t5 F(1) dt — /OOO e—t3(1) dt

lim
Hh-—22 1 oo

Iim
b— 4o

b

&t ugl

=+ 05

-0

—S

if r — +o0

iFx—s —co

i s =X
if s < O\

F(S): g. & =1
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