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1 ELECTRIC FORCES AND FIELDS

Your goal for this chapter is to understand the nature of electric forces and fields, and the

superposition of electric forces and fields.

Electric Force

Experiment shows that when rubber and fur are rubbed together, they develop the property of
attracting each other. This kind of force that arises after objects are rubbed together is called
electrical force. The change that occurred during the rubbing process that is responsible for
this force is called charge. When another pair of rubber are rubbed together, the two rubbers
(or the two furs) repel each other. This shows that there are two kinds of charges and that
opposite charges attract and similar charges repel. Mathematically, these two different kind

of charges are identified as positive and negative. The SI unit of measurement for charge is
the Coulomb, abbreviated as C.

Objects usually contain equal amounts of positive and negative charge; electrical forces

between objects arise when those objects have net negative or positive charges.

According to the Rutherford model of the atom, an atom consists of a nucleus with protons
and neutrons with electrons revolving around. A neutron have no charge. An electron has
a negative charge of -1.60 x 10°C. A proton has a positive charge numerically equal to

that of the electron.

According to the current understanding of charges, when rubber and fur are rubbed together,
electrons are transferred from one to the other. The one that lost electrons becomes positively
charged because it is losing negatively charged electrons, and the one that gained electrons

becomes negatively charged because it is gaining negative charges.

Charges are measured by a device called electroscope. An electroscope consists of a jar
with a pair of gold leaves. When the gold leaves are brought into contact with a charged
object, the two leaves acquire the same charges and repel each other forming a deflection
angle between them. This deflection angle is proportional to the amount of charge; that is
%= constant where Q is charge and 0 is the deflection angle. The constant can be determined

from a single pair of charge and deflection angle. And then the charge can be obtained by

measuring the deflection angle.
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There are two ways by which an object can be charged, they are called conduction and

induction.

Conduction is a process by which the charged object is brought in contact with the neutral
object transferring charge of the same sign to the neutral object. nduction is a process by
which a charged object is brought closer to a grounded neutral object and then the neutral
objet is disconnected from the ground. In this process the neutral charge acquires charge

opposite to that of the charging object.

Substances are classified into two based on whether they have free (valence) electrons or not.
Substances with free electrons are called conductors and substances without free electrons are
called insulators. Conductors are good conductors of heat and electricity, shiny and ductile.

Insulators are bad conductors of heat and electricity, dull and brittle.

Coulomb’s Law

Coulomb’s law states that any two charged objects exert electrical force on each other which
is directly proportional to the product of their charges and inversely proportional to the
square of the distance separating them. The line of the action of the force is along the line
joining the centers of the charges. Let the point charge exerting force and the point charge
that is being acted upon be denoted by g, and g, respectively. Let the position vectors of
¢, and g, with respect to a certain coordinate system be 7 and 7. The distance between the
charges ((7,) is the magnitude of the vector whose tail is located at ¢, and whose head is
located at ¢,. In other words it is the magnitude of the vector 7, =7 —7. That is, 7, = |I7£) —I_ﬂ

. Now the magnitude of the electrical force ( F

o) exerted by g, on g, may be written as

klq,||q
. _ Halla

— 12
|’”0_”1‘

Where £ stands for a universal constant called Coulomb’s constant.

k=9x10° Nm?/C?
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If the charges have the same sign, then the force is repulsive and will have the same

direction as 7, =7 —7. If the charges have opposite signs the force is attractive and the

direction is opposite to that of 7, =7 —7. If €, is a unit vector in the direction of 7,

7
. - 01 . . . . . . .
(that is, €y =—), then the direction of the unit vector in the direction of the electrical
T
o1

force exerted by ¢, on ¢, may generally be given as ity

1
kl || |(]1||(]0|
electrical force becomes £ :_%_‘]‘;I% g, which reduces to
|7})—7_’;| 411190

€y, and the vector form of the

5 __kag
— 170 =
E)l =T _2¢%
7%~ 7|
B Ih—T . :
And replacing ¢, by -, this also may be written as
7 -7
0o~ h

or — ‘3

Fy= 200 (7, -7)
7 =7

2

Remember if7) = (xX,, Y,, 2, )and 7 =(x., 1,2 ), then |7, —7| = \/(xo - X )2 +(¥o - )2 +(z,—2z)-

Example: Consider a 2uC charge located at the origin and a —4 uC charge located on the

x-axis at x=0.002 m.
a) Determine the electric force exerted by the 2uC charge on —4 uC charge.
Solution:
g, =—4x10° C; ¢, =2x10° C; 7, =0.002{ m; 7 =0; F, =?
7, —7 =0.002/ m

|7, -7 =0.002 m
9x10°x2x10°° x(—4x10_]0)

P kg, o
(77 0.002°

01—

x0.002 N=-18x10°i N

— =13
|’”o_’”1|
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b) Determine the electric force exerted by the —4 uC charge on the 2 uC.
Solution
g, =—4x10° C; g, =2x10° C; 7, =0/ m; 7 =0.002; m; F, =?

7, —7 =-0.002i m

|7, -7 =0.002 m

F,, =18x10°i N

The two forces are action reaction forces. They have the same magnitude but opposite

direction.

The superposition principle for electric forces

If a charge is in the vicinity of a number of charges, the net force acting on the charge is

the vector sum of all of the individual forces due to the individual charges.

If charge g, is in the vicinity of charges qy> 95> dys - then the net force (ﬁo) acting

on charge ¢, is given by

F= (G ) 2D D
o |

Example: Consider three charged particles of charge —2 uC, 4 and 6 uC placed on the y-axis
at »=0.004 m, y =0 and y =-0.002 respectively. Calculate the net electrical force exerted
on the —2 uC charge.

Solution:

g, =—2x10"° C; 7 =0.004] m; ¢, =4x107°C; # =0; ¢, =6x10° C; 7, =—0.002 ] m; £, =?

- ki . L oL ..
Fﬂ<>’“1—q<>kq[ qg(rowﬂazmmj
% 7| %~ 7| 1% = 7| % = 7|

6x10°

4><106(o,004j)+ e (0.006]‘)JN=—4.5><103]"N

43

:9x109x—2x106(
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Example: Consider three charged particles of charges 4 nC, -3 nC and -2 nC placed at the
points (0,0) m, (0.004,0) m, and (0.002,0.003) respectively. Calculate the net force exerted
on the -3 nC charge by the other charges.

Solution:

g, ==3x10" C; 7, =0.004 m; g, =4x10” C; 7 =0; ¢,=—2x10"” m; 7 =(0.0027 +0.003]) m; F, =?

7y =7 =0.004 m; 7, —7 =(0.002{ —0.003/) m

|7, — 7| =0.004 m; |7 —7| = \/”0.0022 +(~0.003)" m=0.0036 m

- k .. ki L. L. .
E)—L%(rorl)-i-%(rorz)—kqo[ % |3(r0—r1)+ £ F(”o”z)}

- =3 - =3 - = - =
7% 7] 17 7] 77 7% =7

-9 o -9 . R R
10 047 +2X—103(O.002i ~0.0037) | N =(-0.0037 ~0.0023) N
0.004 0.0036

=9><109><(—2><109){
Example: A 2 pC charge is located at the origin. A 4 nC charge is located on the x-axis at
x=10 mm. Where should a third particle whose charge is -5 pC be placed if the net force
exerted on it is to be zero?

Solution: It should be located between the charges if the force is to be zero

q,=2x10"° C; 7 =0; ¢, =4x10° C; %, =0.0li m; F,=0; g, =-5x10"° C; 7, =2

=1 =X,0;7—T, :(xO—O.Ol)z m
|r0 —rl‘ =X, |1 —r2| =0.01 m—x,

1:—’;): kq,q, (~_—~)+ kg,q, (- ~):O

T T

-6 -6
210 sy A0 0.01m)i=0
X, (0.01-x,)
2 4

_2:

X" (0.01m-x,)’

2(0.01 m—x,)" =x,

x,2 +.02x, m—.0001 m> =0
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Selecting the solution that make sense

—02+4)(.02) —4(~0001)
Xy = > m=0.004 m

Practice Quiz 1.1
Choose the best answer

1. What is the unit of measurement for charge?
A. Coulomb
B. Volt
C. Newton
D. Watt
E. Ampere

2. Which of the following is not a correct statement?
A. Insulators are not good conductors of heat.
B. An object charged by induction acquires a charge opposite to that of the
charging object.
C. An object charged by conduction acquires the same charge as the charging object.
D.Conduction is a charging process where a neutral object is brought closer to a
charged object and then grounded.

E. Electrical force is the kind of force that arises when objects are rubbed together.

3. A positive charge A4 is placed on the x-axis at x = /7 m. A positive charge B is
placed on the x-axis at x = /2 m. Determine the direction of the electrical force
exerted by charge B on charge A.

A. South

B. East

C. North

D. West

E. North east

4. A -5¢-9 C charge A is placed on the x-axis at x = 0.003 m. A -4e-9 c charge B is
placed on the x-axis at x = 0.008 m. Determine the magnitude and direction of
the electrical force exerted by charge A on charge B.

A. 7.2¢-3 N West
B. 8.64¢-3 N West
C. 6.48¢-3 N West
D.7.2e-3 N East
E. 6.48¢-3 N East
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES ELECTRIC FORCES AND FIELDS

5. Object A4 of charge -4¢-6 C is located on the x-axis at x = 0.005 m. Object B of
charge -7¢-6 C is located on the x-axis at x = 0.009 m. Object C of charge 5¢-6 C
is located on the x-axis at x = 0.0/1 m. Determine the magnitude and direction
of the net electrical force exerted on object C by objects A and B.

A. 16250 N West
B. 13000 N East
C. 17875 N West
D. 17875 N East
E. 16250 N East

6. Object A of charge -5e-6 C is located on the x-axis at x = 0.004 m. Object B of
charge 7e-6 C is located on the x-axis at x = 0.006 m. Object C of charge -3¢-6 C
is located on the x-axis at x = 0.012 m. Determine the magnitude and direction
of the net electrical force exerted on object B by objects A4 and C.

A. 10498.9 N West
B. 10500 N West
C. 10500 N East
D.10502.2 N West
E. 10498.9 N East

360°
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7. Object A of charge -1e-6 C is located at the origin of a coordinate plane. Object
B of charge Ie-6 C is located on the x-axis of a coordinate plane at x = 0.002
m. Object C of charge Ie-6 C is located on the y-axis of a coordinate plane at
y = 0.001 m. Calculate the direction (angle formed with the positive x-axis) of the
net electrical force exerted on object A by objects B and C.

A. 106.349°
B. 60.771°
C.98.753°
D.68.367°
E. 75.964°

8. Object A4 of charge -3¢-6 C is located at the origin of a coordinate plane. Object
B of charge 2¢-6 C is located on the x-axis of a coordinate plane at x = 0.005 m.
Object C of charge 3e-6 C is located on the y-axis of a coordinate plane at
y = 0.003 m. Calculate the magnitude of the net electrical force exerted on object
A by objects B and C.

A. 11106.686 N
B. 12957.8 N
C. 12032.243 N
D.9255.571 N
E. 8330.014 N

9. Object A of charge 5e-6 C is located on the x-axis of a coordinate plane at
x = 0.004 m. Object B of charge 5¢-6 C is located on the y-axis of a coordinate
plane at y = 0.004 m. Object C of charge -Ie-6 C is located on the y-axis of a
coordinate plane at y = -0.005 m. Calculate the magnitude of the net electrical
force exerted on object A by objects B and C.

A. 9405.71 N
B. 6511.646 N
C.7235.162 N
D.10129.227 N
E. 8682.194 N
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10.Object A of charge 3e-6 C is located on the x-axis of a coordinate plane at
x = 0.004 m. Object B of charge 3¢-6 C is located on the y-axis of a coordinate
plane at y = 0.003 m. Object C of charge -2¢-6 C is located on the y-axis of a
coordinate plane at y = -0.001 m. Calculate the direction (angle with respect to the
positive x-axis) of the net electrical force exerted on object A by objects B and C.
A. 258.43°
B. 259.775°
C.256.553°
D.264.516°
E. 262.018°

Electric Fields

Instead of saying charge g, exerts electrical force on charge g,, in field theory, we say g,
sets up electric field throughout space and this field exerts force on charge ¢q,. Electric field
(E) at a given point is defined to be the electric force (F.) exerted per unit charge on a

charge () placed at the given point.

If g is a positive charge then the electric force and electric field at the given point have the
same direction. And if the charge is negative, they have opposite directions. The unit of
measurement for electric field is N/C. Experimentally, electric field at a given point can be
determined by measuring the electric force on a small charge placed at the point and then
obtaining the ratio between the force and the charge. The equation relating the magnitude
of the force (£) and the electric field (£) is obtained by taking the magnitude of both sides
of the equation F =gE.

F,=l|q|E

Example: Determine the electric field at point P if ¢ = =6 nC charge placed at the point
experience a force of 12 uN 37° North of East.

Solution:
g=—-6x10" C; F=12 uN; 0=37°% E=?
F=Fcos(0)f+Fsin(6’)j’

~(12x10°¢ N)cos(37°)f+(12x10‘6 N)sin(37°) ]
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=9.6x1070 7 +7.2x1079

-6 » -6~
=9.6><10 1+7§><10 ]N/C
—6x10~
:(—1.6><103 2—1.2><103j) N/C

Electric field due to a point charge

Consider a point at a distance 7 from a point charge 9. Now suppose a small positive test
charge ¢' is placed at the. Then, according to Coulomb’s law, the electrical force exerted
on q' by g is given by

!

q

F . =k
q

Q

7 where 7 is the position vector of the point with respect to the charge. Therefore

|

r F , =
the electric field at the point (E :Tq,) due to the point charge g is given by E :k_;] r. The

position vector 7 can ve written in terms of the unit vector (¢,) in the direction of the

position vector as 7 =re,. Thus, the electric field due to a point charge may also be given as

E=—e,

\NL%?‘
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We will turn your CV into
an opportunity of a lifetime

Do you like cars? Would you like to be a part of a successful brand?
We will appreciate and reward both your enthusiasm and talent.
Send us your CV. You will be surprised where it can take you.

Download free eBooks at bookboon.com

Click on the ad to read more

15


http://www.employerforlife.com

If the position vectors of the charge and the point are 7 and 7, respectively, then the position
vector of the point with respect to the charge is 7, —7 and the expression for the electric

field becomes

E=M (-7

- 13
|” o~ T |
If the charge ¢ is positive, the direction of the electric field is directed radially outward from

the charge. If ¢ is negative the direction of the field is directed radially towards the charge.

Example: Determine the electric field at the point (0.003, 0.004) due to a -8 pC point

charge located at the origin.

Solution:
q=-8x10"; 7 =0; 7, =(0.0037 +0.004] ) m; £ =?

7, — 7| =0.003> +0.004* m=0.005 m

(0.0037 +0.004 ) N/C =(~1.728{ —2.304)x10’ N/C

7, —7 =(0.003i +0.004 ) m;

k _ -y 9x10°x-8x107°
N q43(r0_r)= 3
|7, 7] 0.005

E=

Superposition Principle

If there are a number of charges in the vicinity of a point, then the net electric field at the
point is equal to the vector sum of all the electric fields due to all the individual charges.
If charges ¢,> 4,, --- whose position vectors are 7,7, 7,... respectively are in the vicinity
of a point whose position vector is 7, then the net electric field at the point is given by
kq kq kq.
- 2 - - 3 - - _ - -
—7)+ (”0_”2)""* qr(’”o_”a)"'“‘ =k :‘3(”0_’3‘)

‘770—172|3 i | T

1

B =k| Mz

0 —c )
|’”0_’"1‘

Example: Consider the charges ¢ =2 uC, g, =-3 uCandg, =4 uC g, is located 8 mm to the
right of g,. g, is located 2 mm to the right of g,. Calculate the net electric field at a point
located 3 mm to the right of g,.

Solution: Let’s use a coordinate system where the 3 charged lie on the x-axis whose origin
is the point where the electric field is to be calculated. Then

7 =0,7 =—0.003 m, % =0.005 m, 7, =0.007F m, 7, — 7 =0.0037 m, ¥, —7, =—0.0057 m; 7, — 7, =—0.007/ m,
|7, —%|=0.003 m, |7 —7|=0.005 mand |7} — 7| =0.007 m. Therefore

Q1(’7;)_77;)+Q1(7b_’7;)+Q1(7b_77;)

‘3

0 I S -
|ro_’”1‘ |r0—r2| "”0_

Y
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2x107 (0.0032 ) —3x10°° (—0.0052 ) 4x107° (—0.0072 )
+ +
0.003° 0.005° 0.007°

=9x10° N/C =2.345%10°7 N/C

Example: Consider two charges g, = 5 pC located on the y-axis at y=0.005m and
g, = 2 uC located on the y-axis at y =-0.005 m. Calculate the net electric field located

on the x-axis at y=—-0.005 m.
Solution:
7 =0.005 m; g, =5x10"° C; # =0.0057 m; ¢, =—2x10"° C; 7, =—0.005] m;

7, — 7 =(0.005i - 0.0057) m; 7, — 7 =(0.0057 +0.005]) m; |7, —7|=|7, — 7| = 0.005v2 m; E, =2

N
N

5x10°(0.0051 -0.0057) —2x107(0.0057 +0.005 /)
+

(0.005y2 )3 (0.00542 )3

=9x10° N/C =(0.642910°7 ~0.6429x10° j) N/C

Electric Field due to a Continuous Distribution of Charges

Suppose the charge contained in a small volume element dV is dg, then the electric field

(dE ) due to dg at point P, whose position vector with respect to the location of dg is 7,,
dq .

—zl”p .

p

is given as dE =k

The total electric field at point P is obtained by adding (integrating) the electric fields due to

all dg’s in the distribution: E= J‘kd—gfp. This integral over charge element dg can be converted
r
P

into an integral over volume by defining a charge density p as p :j_lq/' Then dg = pdV and

- )
. - . o - - .
the integral over position can be written as E—k‘[ 3 4V If ¥ and 7' are position vectors
¥
2
4

of point P and charge dg with respect to a certain coordinate system respectively, then
!

F,=F=F',r,

|F—l7" and 4V = 4V’ (to emphasize that the integral is over 7' and not
over 7). Now the integral can be written in terms of these variables as
. kp(F=F)dV
R el
=
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4q

dx

Linear charge density ( j and areal density (Z:_qj are customarily represented by the
A

symbols A and o respectively. Therefore for linear and areal charge distributions, the formula
kA (7 =7 )dx and 7 =J.ko-(F—F )da

for the electric field can be written as E ='|. | = respectively.

R I
r—=r |r -r

Example: Consider a uniformly charged rod of total charge Q that extends on the x-axis from
x=a tox=a+ L. Calculate the net electric field at the origin due to this charge distribution.

Solution: Since it is uniformly charged 1:%. Let dx' be an arbitrary path element on

the rod a distance of x' from the origin. Then ¥ =0 (because the point where the electric

field is to be calculated is at the origin) 7' =x'l where the value of x' varies from « to L,

~ - . kA(F=F')ds  _pOf “& gy _ .

7y—r'=—x'"i and |r—r'|=x'. ThereforeE:J ( 3) _ Tk ﬂzz +Q i.
|,7_,7" y L 5 x? a(a+L)

Example: A uniformly charged ring of radius R and total charge Q is on the xy-plane centered
at the origin. Find an expression for the electric field due to this charge distribution at an

arbitrary point on the z-axis.
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Solution: Since, it is uniformly charged 1= R Let ds' be an arbitrary small arc length path
P
element on the ring. Let the coordinate of the point on the z-axis where the electric field is to be

evaluated be (0,0,z). Then 7 = zk, 7'= R cos(¢)i + Rsin(¢) j(where @is the angle formed between

1

7' and the positive x-axis), 7 — 7' = zk — Rcos¢i —Rsingj, [F =7 :(22 +R2)E and ds = Rd¢ .

I A I e ¥ e
Therefore E:I R 3 i-" Rcos¢[Rd¢]—jj Rsin¢[Rd¢]+kj. z[Rdg]
Fof & (x2+R2)A 0 0 0
The i and j terms vanish because the integrals of cosine and sine over a full revolution are
zero and
. k .
E = _ KOz i

(xz +R2 )A

Example: Consider a rod that extends from x = 0 to x = 2 m on the x-axis. The charge
density in the rod varies on x according to the equation A(x)=2y8-x. Calculate the

electric field due to this charged rod at a point located at x = 8 m.

Solution: Let dx' be an arbitrary path element on the rod a distance of x' from the origin.

Therefore A(x)=2V8—x,7 =8 m,7'=x'l,7~7'=(8 m—x")/ and |F=7|=(8 m—x") and

x=2 2
E:j kz—\lg_xdxf:—Zkfj (8—x)"2d (8- x)=2x10% N/C

2
x=0 (8-x) 0
Electric Field Lines

Electric field lines are lines used to represent electric field graphically. These lines should
represent both magnitude and direction of the field at any point. To represent magnitude,
they are drawn in such a way that the number of lines crossing a unit perpendicular area
(density of lines) is directly proportional to the magnitude of the field at any point. To
represent direction, these lines are drawn in such a way that the line of action of the field
is tangent to the curves at any point. To distinguish between the two possible directions of
the tangent line, arrows are included in the lines. Electric field lines originate in a positive
charge and sink in a negatives charge. Electric field lines do not cross each other. Because
if they do, that would mean two tangent lines at the intersection point and hence two

directions for a field at the intersection point which is not possible.
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Practice Quiz 1.2
Choose the best answer

1. Which of the following is a correct statement?

A. The direction of the electric field due to a positive point charge is directed
towards the charge.

B. The direction of the electric force on a positive charge is opposite to the direction
of the electric field at its location.

C. The unit of measurement for electric field is Newton / Coulomb

D.The magnitude of the electric field due to a point charge is inversely proportional
to the distance between the charge and the point.

E. There is no electric field at a point where there is no charge.

2. Which of the following is a correct statement?
A. The line of action of an electric field at a given point is perpendicular to the
line tangent to the electric field line at the given point.
B. The denser the electric field lines, the greater the magnitude of the electric field.
C. The electric field lines due to a negative charge are directed away from the charge
D.Electric field lines originate from a negative charge and sink in a positive charge.

E. It is possible for electric field lines to cross each other.

3. Calculate the magnitude and direction of the electric force exerted on a -9 C charge
located at a point where the electric field is 95 N/ C north.
A. 855 N north
B. 940.5 N south
C. 940.5 N north
D.684 N east
E. 855 N south

4. A -3¢-9 C charge A is placed on the x-axis at x = 1.1 m. Point P is located on the
x-axis at x = 0.8 m. Determine the magnitude and direction of the electric field
at point P due to charge A.

A. 270 N/ C West
B. 300 N / C East
C. 360 N/ C West
D.270 N/ C East
E. 300 N/ C West
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5. Object A4 of charge I¢-9 C is located on the x-axis at x = 0.1 m. Object B of charge
5¢-9 C is located on the x-axis at x = 0.6 m. Point P is located on the x-axis at
x = 1.1 m. Determine the magnitude and direction of the net electricfield at point
P due to objects A and B.
A. 207.9 N/ C West
B. 189 N/ C West
C.226.8 N/ C West
D.207.9 N/ C East
E. 189 N/ C East

6. Object A of charge -4e-9 C is located on the x-axis at x = 0.4 m. Object B of
charge 3¢-9 C is located on the x-axis at x = 0.8 m. Point P of is located on the
x-axis at x = 1. m. Determine the magnitude and direction of the net electric
field point P by objects A and B.

A.226.531 N/ C West
B. 225.531 N/ C East
C.224.531 N/ C West
D.225.531 N/ C West
E. 226.531 N/ C East
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7. Point P is located at the origin of a coordinate plane. Object A of charge 5¢-9 C
is located on the x-axis of a coordinate plane at x = 0.1 m. Object B of charge
-2e-9 C is located on the y-axis of a coordinate plane at y = 0.5 m. Calculate the
direction (angle formed with the positive x-axis) of the net electric field at point
P due to objects A and B.

A.-0.825°
B. 179.083°
C.161.175°
D.214.9°
E.-0.917°

8. Point P is located at the origin of a coordinate plane. Object A of charge
-3¢-9 C is located on the x-axis of a coordinate plane at x = 0.3 m. Object B of
charge 4¢-9 C is located on the y-axis of a coordinate plane at y = 0.5 m. Calculate
the magnitude of the net electric field at point P due to objects 4 and B.
A.332.77N/C
B. 299.493 N/C
C.465.878 N/C
D.232.939 N/C
E. 399324 N/C

9. Point P is located on the x-axis of a coordinate plane at x = 0.2 m. Object 4 of
charge 3e-9 C is located on the y-axis of a coordinate plane at y = 0.2 m. Object
B of charge -1¢-9 C is located on the y-axis of a coordinate plane at y = -0.4 m.
Calculate the magnitude of the net electric field at point P due to objects A and B.
A. 496.036 N/ C
B. 460.605 N/ C
C.283.449 N/ C
D.318.88 N/C
E. 354312 N/C
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10.Point P is located on the x-axis of a coordinate plane at x = 0.4 m. Object 4 of
charge 5e-9 C is located on the y-axis of a coordinate plane at y = 0.2 m. Object
B of charge -3¢-9 C is located on the y-axis of a coordinate plane at y = -0.3 m.
Calculate the direction (angle with respect to the positive x-axis) of the net electric
field at point P due to objects 4 and B.

.-59.629°

.-58.529°

.-56.329°

.-55.229°

. -53.029°

mg oW >

11.An object of charge 8 C is located at the origin.An object of charge -3.5 C is
located at x = 70 m. The electric field due to these charges will be zero at x = ?
A. 20.676 m
B. 23.629 m
C.17.722 m
D.29.537 m
E. 26.583 m

12.The charge density of a rod that extends from the origin to 3 m varies on x
according to the equation
A (x) = 4e-9(10 — x)0.6
Calculate the electric field a a point located at x = 70 m
A. 5494 N/C
B. 4396 N/C
C.6.044 N/C
D.7.143 N/C
E. 7.692N/C
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES GAUSS’S LAW

2 GAUSS'S LAW

Your goal for this chapter is to learn how to get expressions for the electric field due to

symmetric charge distributions using Gauss’s law.

Electric Flux

Area: Area is a vector quantity. The direction of area is perpendicular to the plane of the area.
To distinguish between the two possible directions (perpendicularly in and perpendicularly
out) the right hand rule is used. When fingers of the right hand are wrapped along its
perimeter in a counterclockwise direction, then the direction of the thumb represents the
direction of the area. The direction of the area is usually the direction pointing towards you.
For a closed surface, the direction of area is directed outward from the closed surface. The
direction perpendicularly in is represented by a cross (x) and the direction perpendicularly

out is represented by a dot (g). For example, the direction of a loop that lies in the xy-

plane is k.
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Electric flux (¢@,) is defined to be a measure of the amount of electric field that crosses a
certain area perpendicularly. The electric flux crossing a small area element 44 is defined to
be the product of the area element and the component of the electric field perpendicular
to the plane of the area or parallel to dA. In other words, it is the dot product between
the electric field (E ) and the area element dA.

—

dp, =E-d
If the angle formed between E and d4 is 0, then also
d¢E =FE-dA cosO

. . . N._2 . . .
The unit of measurement for electric lux is cm which is defined to be the Weber abbreviated
as Wb. To find the electric flux crossing a certain area 4, first the area is divided into small
area elements and then the contribution to the flux from each small area element are added

(integrated).

@, :IE-dZ:IE(cose )dA

Electric flux crossing a certain area is equal to the surface integral of the electric field over
the area. If the electric field and the angle between the field and the area element are
constant everywhere, then ¢E = j E(cos® )dA= Ecos(6) J. d4 and the expression for the electric

flux simplifies to

s =EAcos(0)=E- 4

Electric flux is a scalar quantity. It can be positive (when 6 = 90°), zero (when 6 = 90°)
and negative (when 90° < <180°).

Example: In each of the following, calculate the electric flux crossing the region. he magnitude

of the electric field crossing the area is 100 N/C.
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a) A circular region of radius 2 m where the electric field is parallel to the plane of the square.
Solution: Since the direction of the area is a (g) or perpendicularly out 8 = 90°.
E=100N/C;r=2m (Ad=7r"); ¢, =?

¢, = EAcos(0)
2

2 2

A=rxr =7r><22 m- =4z m

@, =(100)(4m)cos(90°) =0

b) A square region of side 4 m where the electric field is directed perpendicularly into the

plane of the region.

Solution: Since the direction of the area is perpendicularly out and the field is perpendicularly
in, O = 180°.

E=100N/C; w=2m (4=w); ¢, =2
s = EAcos(0)
A2 =42 12 =16 m2
#,, =(100)(16)cos(180°) Web=-1600 N m*/C

c) A triangular region of height 3 m and width 6 m where the field is directed perpendicularly
out of the plane of the region.

Solution: Since the direction of both the area and field are perpendicularly out, 6 = 0°.
E=100N/C;w=6m; h=3m (A:%hwj; @, ="
¢, =EA cos(0)
1

A=—hw=lx6x3 m2 =9 m2
2 2

#,. =(100)(9)cos(0°) =900 N m*/C
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES GAUSS’S LAW

Gauss’s Law

Gauss’s law States that the total electric flux crossing a closed surface is equal to 47k
times the total charge (¢) enclosed inside the closed surface (£ is Coulomb’s constant).

Mathematically, Gauss’s law can be written as

III E’-a’gz47‘ckq:i
€9

closed
surface
1 ~12 C2
Where €, = k- 8.85x10 3 is electric permittivity of vacuum or approximately air.
T Nm

Proof: To make the discussion easier, let’s consider the flux due a positive point charge on

a spherical surface centered at the charge.

Let the radius of the Gaussian surface be R. Consider a small area element dA, on the

Gaussian surface. At this area element the directions of both d4 and E are radially outward.
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—

Thatis dA = d4é, and E = Eé, where e = T isa radially outward unit vector. dg,. = E-dA=FEdA,
r

and U‘j E-dd= [ﬁ Ed4. But from Coulomb’s law E = qu. m E-d4= 2 [ﬁ A
47R 4nR

closed closed closed closed
surfa surface surface surface
But B [ﬁ 4 is equal to the surface area of the spherical Gaussian surface which is equal to

closed
surface

4

47R?. Therefore it follows that m Eidz:élﬁkq:a

closed
surface

0

Example: Three particles of charges 2 nC, -6 nC and 9 nC are located on the x-axis at the
points x=1, cm; x =3 cmand x =5 cm respectively. Calculate the electric flux crossing a Gaussian

surface of radius 4 cm centered at the origin.

Solution: Only the 2 nC and the -6 nC charges are enclosed by the Gaussian surface.

Therefore the total charge enclosed inside the Gaussian surface is -4 nC.
g=-4x10" C; @, ="?
@, = drkq =47 x9x107°(=4x107) Web=4.52x10""* Nm*/C

Example: Consider a rectangular prism Gaussian surface whose corners are located on the
points A(0,0,0) m, B(1,0, 0) m, C(1,2,0) m, D(0,2,0)m , E(0,0,1) m, F(1,0,1) m, G(0,2,1)
m H(0,2,1) m. If there is an electric field of £=0.004 N/C; for y>1m and E =-0.002 N/C

for y<1m.
a) Calculate the electric flux crossing each surface.

Solution
The fluxes crossing surfaces ABCD, EFGH, BCGE. EHDA and FGCB are zero because the

electric field is perpendicular to the area.

On surface AEFB, A=1m?; and E =0.004 N/C j. Therefore the flux (E ) is0.002 Nm?/C.

On surface CDHG A=1m?] and E =0.004 N/C . Therefore the flux (EZ) is 0.004
Nm’/C,
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b) Calculate the total flux crossing the closed Gaussian surface.

Solution: The total flux crossing the closed surface is the sum of the fluxes crossing the faces

of the rectangular prism. Therefore the total flux is 0.006 N m*/C.
c¢) Calculate the total charge enclosed inside the Gaussian surface.

Solution

¢closed surface 47Z-kqtotal = 0006 N m2 / C

0.006

9otal = 4—7z'k

C=53x10"C

Example: Consider a closed cylindrical Gaussian surface of radius 0.2 m and length 0.6
m. The electric field is parallel to the axis of the cylinder everywhere. If the total charge
enclosed inside the closed surface is 8x10™"° C and the electric flux crossing the left end is

0.005 Web, calculated the flux crossing the right end.

Solution: Ped surince =0, because the electric field is perpendicular to the area on the curved

surface everywhere.

¢leﬂ end surface 0005 Web’ qtotal = 8 X 10713 C’ ¢ = ?

right end surface

¢closed surface ﬁeﬁ end surface + right end surface + ¢curved surface 47[ k qtotal

0.005 Wb+, 1. ot sutuce = 4%9%10° x8x107° 7 N m*/C=0.009 N m*/C

¢right end surface 0.004 N m2 /C

Example: The electric field in a certain region varies with the distance from the origin
according to the equation E(r)=-5r"°¢; where €, is a unit vector in the direction of the
position vector. Calculate the total charge enclosed inside a spherical surface of radius 0.2

m centered at the origin.
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES GAUSS’S LAW

Solution: On the spherical surface » = 0.2 m. Therefore the electric field on the surface

is E(rzo_z m)=_5~/()_2ér =-2.24¢ . The direction of the area is along the position vector
everywhere. Thus dA = dAé,

dé, =E-dAd=(-2.24¢)-(dAé ) =-2.24dA

224 [ dd= —2.24(47z[o.22]) =-1.13N m*/C = 4rxkq,,

spherical surface

_ 2
gy =—BNMC_ 5407 ¢

Ak

¢closed surface

Example: The electric field in a certain region varies with the perpendicular distance from the

. . . R 4, AL . . .
x-axis according to the equation E(r, )=—2¢&,, where é, is a unit vector radially perpendicular
r
1
to the x-axis. Calculate the total charge enclosed inside a cylindrical surface of radius

0.07 m and length 0.3 m whose axis lies along the x-axis.
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Solution:
R=0.07m; /=03 m;q,,="?

On the end surfaces the direction of the area is parallel to the axis. Therefore the flux
is zero since the area and the field are perpendicular to each other. On the curved
surface, the direction of the area is radially perpendicular to the axis everywhere. That is,

dA=dAé . r, on the curved surface is 0.07 m. Therefore the electric field on the curved

surface is E(r, =0.07 m) =0;‘(')7éL N/C =57.14¢, N/C.

dg, = E-dA=(57.14¢, N/C)-(dAé, ) =57.14dA N/C
¢closed surface J. d¢E =57. 14_[ dA N/C = 47[kqtotal

curved suefac

Grotal :_1 57.14 C:6.7X10711 C

Ak

Practice Quiz 2.1

dAN/C ==——(27Rl) N/C = -
drk 479%10

I 57.14 57.14(27x0.07x0.3)

curved surface

Choose the best answer

1. Which of the following is a correct statement?
A. Electric flux is a vector quantity.
B. The unit of measurement of electric flux is Newton / Coulomb.
C. Gauss’s law states that the electric flux crossing a certain closed surface is
proportional to the amount of charge enclosed by the surface.
D.Area is a scalar quantity.
E. If the electric field that crosses a certain area is perpendicular to the plane of

the loop, then the electric flux crossing the surface is zero

2. The corners of a cubical surface are located at the following points of an xyz
coordinate system:
A (0, 0 0),B (1,0 0),
C(1,1,0),D (0, 1, 0),
E@© 0 1),F (1,0, 1),
G(, 1, 1),H @1 1).
Determine the direction of face CDHGC.
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3. Consider a spherical surface centered at the origin of an xyz coordinate system.
Determine the direction of an infinitesimally small area element (dA) located at
the intersection point of the spherical surface and the negative x-axis.

A. -k
B.:

C.-i
D.-j

4. The corners of a rectangular prism are located at the following points of an xyz
coordinate system:
A (0, 0,0),B (1.2, 0, 0) m,
C (1.2 127,0)m, D (0, 12.7, 0) m,
E(@, 0 1.2) m,F (1.2, 0, 1.2) m,
G (12 12.7,1.2) m,H (0, 12.7, 1.2) m.

If there is an electric field of (0.037 i — 0.73 j) N/ C everywhere, Calculate the electric
flux crossing face CDHGC.

A.-1.05I N m?/C

B. 0.053 N m?/C

C.-0.053 N m*/C

D.22.25 N m?/C

E. 1.051 N m?/C

5. Consider a closed cylindrical surface of radius 5.2 m and length 76.2. Its axis is
along the x-axis. If there is an electric field of (-0.048 i) N/ C everywhere, calculate
the electric flux that crosses the curved surface.

A.0

B. -25.406 N m*/C
C.22.866 N m*/C
D.25.406 N m*/C
E. -22.866 N m?/C
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES GAUSS’S LAW

6. Consider a closed cylindrical surface of radius 0.9/ m and length 7.2 m whose
axis lies along the z-axis. The electric field at a point depends on the perpendicular
distance between the axis and the point (p) according to the equation
E(p)=174/pe,
where e at a given point is a unit vector in the direction of the line that passes through
the point and is perpendicular to the axis (in other words its direction is perpendicularly
radially outward from the axis). Calculate the total electric flux that crosses the closed
cylinder.4
A. 142.584 N m?/C
B.221.797 N m*/C
C.205.954 N m?/C
D.158.426 N m?/C
E. 7190.112 N m*/C
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7. Calculate the electric flux crossing a certain closed surface of an arbitrary shape if
4 protons and 7/ electrons are enclosed inside the closed surface.
A. 126.669¢-9 N m*/ C
B. -126.669e-9 N m?*/C
C.-271.434e-9 N m*/C
D.271.434e-9 N m?/C
E. 298.577¢-9 N m*/C

8. The corners of a rectangular prism are located at the following points of an xyz
coordinate system:
A (0, 0,0),B (0.6, 0, 0) m,
C (06, 1.3, 0)m,D (0, 1.3, 0) m,
E (0, 0, 0.6) m, F (0.6, 0, 0.6) m,
G (0.6, 1.3, 0.6) m, H (0, 1.3, 0.6) m.
The electric field is zero for all points whose x-coordinate is less than 0.5 m and
0.26 N/ C i for all points whose x-coordinate is greater or equal than 0.5 m.
Calculate the charge enclosed inside the surfaces of the rectangular prism.
A.-1.972e-12 C
B. 0
C.1.793e-12 C
D.1.972¢-12 C
E.-1.793¢-12 C

9. There is an electric field of -25.9 N/ C 7 on all points whose x-coordinate is less
than or equal to zero and an electric field of 25.9 N/ C 7 on all points whose
x-coordinate is greater than zero. Calculate the charge enclosed inside a closed
cylindrical surface of radius 0.4 m whose axis extends from x = -7.5 m to x = 1.5 m.
A. 230.222¢-12 C
B. -253.244e-12 C
C.-230.222¢-12 C
D.o
E. 253.244¢-12 C

Download free eBooks at bookboon.com



10.The electric field at an arbitrary point depends on the perpendicular distance between
the z-axis and the point (p) according to the equation
E(p)=(12/p)e,
where e at a given point is a unit vector in the direction of the line that passes through
the point and is perpendicular to the axis (in other words its direction is perpendicularly
radially outward from the axis). Calculate the charge enclosed inside a closed cylindrical
surface of radius 0.5 m and length 4.9 m whose axis lies along the z-axis. Cylinder.
A. 228.667e-12 C
B. 457.333¢-12 C
C.294¢-12 C
D.326.667¢-12 C
E. 261.333¢-12 C

Application of Gauss’s Law

Gauss’s law is often used to get an expression for the electric field due to a symmetric

distribution of charges as a function of distance.

Electric Field due to a positive point Charge

Even though Gauss’s law is applicable for any closed surface, a suitable Gaussian surface
that takes advantage of the symmetry of the problem should be chosen in order to simplify
the problem. For the field due to a point change, a Gaussian surface that takes advantage
of the following two facts should be chosen: a) the direction of the electric field due to a
point charge is along the position vector of the point with respect to the charge b) from
symmetry, the magnitude of the electric field due to a point charge on a spherical surface

centered at the point charge is a constant.

A Gaussian surface that can take advantage of these two facts is a spherical surface
centered at the charge. Because the direction of the area at any point is along its radius
or along the position vector of the point with respect to its center. Let’s apply Gauss’s
law over a spherical surface of radius r centered at the charge. d4 =dA e and E=Eé
(assuming positive charge). Therefore mﬁ-dﬁ—mEdA—EmdA_4nErz =4rkq and the electric

field due to a point charge as a function of radial distance is given by

kq
="
r2
= . kq. kq?V kq._
And the vector electric field is E=FEe, = —?er =—g£ = —?r where 7 is a position vector.
r rror
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Electric field due to a uniformly charged spherical object
Let the radius of the charged spherical object be R and let its total charge be Q.

Electric field for points ousside the spherical object (r > R): From symmetry, the direction of
the electric is radially outward from the center of the sphere everywhere; and its magnitude
is constant on any spherical surface concentric with the sphere. To take advantage of this

symmetry, let the Gaussian surface be a spherical surface of radius » > R. Then dA =dA ér
and E =Eér (assuming positive charge) and mE.dZZmEdA: EmdAZMEﬂ =4rkq . Therefore

the electric field due to a uniformly charged spherical object for points outside the sphere

is given by
E= % r
R
. . = R ro. r 7 kQ. . ..
And the vector electricfield is £ = Eé. = kQEer = kQF —= = 7 where 7 is a position vector.
r
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Electric field for points inside the spherical object (r > R): From symmetry, the electric field
is radial and constant on a spherical surface centered at the center of the charged sphere.
To take advantage of this symmetry, the Gaussian surface is taken to be a spherical surface
concentric with the spherical object of radius # <R. Only a fraction of the total charge is

enclosed inside this Gaussian surface. The enclosed charge can be calculated as a product of

the charge density {QJ and the volume of the Gaussian surface (ﬂ mﬁj. That is, the enclosed
3

i7rR
3

charge is equal to Q[%]. dA = dA e and E:Eér; and mg.dZ:mEdA:EmdAzMErZ ﬂﬂkQ[%f.

Therefore the magnitude of the electric field inside the spherical object is given by

E:k—%r
R

: B s ro rr_kQ . S .
And the vector electric field is £ =Ee, =kQ—e =kQ—— :—gr where 7 is a position

R R r R
vector.

The expressions for the electric field for inside and outside points may be written as

k—g ifr>R
E={"
E:l;—grifr<R

Example: A solid sphere of radius 0.1m is uniformly charged and has a charge of 2x1073C.
a) Calculate the strength of the field at a distance 0.2 m from the center of the sphere.
Solution:

r=02m, R=01m, O=2x107C

Since r >R

i0 (9x109)(2x10_3) .
=% . N/C=4.5x10% N/C
r (0.2)
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b) Calculate the strength of the field at a distance of 0.01m from the center of the sphere.
Solution:
r=02m, R=01m, 0=2x10"C

Since » < R

(9x109)(2x10_3)

E=k—%r= 5 (0.01) N/C =1.8x10° N/C
R (0.1)

c) Calculate the electric field vector at the point (2, 4, 1) m.

Solution:
= (A2 AL _ _ -3
r—(2z+4]+k)m, R=0.1m, Q=2x10">C

r=x2>+4%+1° m=x/ﬁm

Since »>0.1m,

_9x10°x2x10
J2r

E’:(3.74><105§+7.48x105j+1.87><1051€) N/C

(2f+4j+/€) N/C

Electric field due to an infinitely long uniformly charged thin rod

Since it is infinitely long, any point in the wire can be assumed to be the mid-point. Thus
the component of the field parallel to the rod due to any charge in the wire will be cancelled
by the component of the field parallel to the rod due to a charge on the other side. Thus,
the component of the field parallel to the the rod at any point is zero. In other words, the
direction of the field is radially perpendicular to the rod. Again, because of symmetry, all
points at the same perpendicular distance from the rod will have the same magnitude for
the electric field. To take advantage of these symmetries, The Gaussian surface is taken to
be a cylinder of radius 7, and length ¢ concentric with the rod. Let the charge density be
A. Then the total charge enclosed inside the Gaussian surface is AZ.
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The electric flux of the end faces are zero because the area is perpendicular to the field.

On the surface, the area element d4 and E (assuming a positive charge) have the same

directions. Therefore?; = () £-d4= jE d4 - = JEdA =271 tE =47kAl And the magnitude

curved surface  curved surface
of the electric field as function of the perpendicular distance from the rod is given as

E = 2kA
r
Therefore, E = 2kA é, = 2kAn _ 215/111 where 7, is the radially perpendicular (to the rod)
a nrnoory

component of the position vector (F =ré +reé, ).

Example: Consider an infinitely long thin rod of charge density 2 nC/m? that lies along

the x-axis.

/
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a) Calculate the electric field at a point which is located at a perpendicular distance of

2mm from the rod.

Solution:
r =0.002m, A=2x10"C; E=?

9 —6
(9><10 )(2><10 )
E_ k/l _

- - N/C =1.4x10° N/C
2mr| 27[(0.002)

b) Calculate the electric field vector at the point (-1, 2, 4) m.
Solution:
Fe(=/+2]+4F)m; £ =2

7 =7+7, where rp 7 is the component of the position vector along the rod and 7, is a

component of the position vector perpendicular to the rod. Since the rod lies along the

X-axis /i=xz¢. Therefore 7, =/7—/ﬁ=(,r1°+)yA'+ZA:)—xf=)f+ZA:=(2f+4A:) m

1, =N2"+4 m=+20m

= 9 -6
g2y AL 2K 20U X0 (274 4k) NICH(3.6x10° ) +7.2x10°F) NiC|.
ry rornoory \20

Electric field due to a uniformly charged infinitely large plane (assume positive

charge)

From symmetry, the component of the electric field parallel to the plane will be zero at any
point. Thus, the direction of the field at any point is perpendicular to the plane everywhere.
Also from symmetry, the magnitude of the field is constant for points located at plane
parallel to the charged plane. To take advantage of these symmetries, the Gaussian surface
is taken to be a cylindrical surface of base area A whose axis is perpendicular to the plane
and encloses a part of the plane. If the charge density is o, then the total charge enclosed
inside the Gaussian surface is 0A. The flux on the curved surface is zero because the field
and the area are perpendicular to each other. The flux on each end face is £4 because the
field and the area are parallel to each other. Therefore the total flux crossing the Gaussian
surface is 2EA and from Gauss’s law it follows that 2EA=4rkoA. Therefore the field due

to an infinitely large plane is constant everywhere and is given by

E =2rko = 2
2¢,
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.= n 7 - . ..
The vector field is E=2rzkoé =2rxkoc-+ where 7| is a component of the position vector
r
perpendicular to the plane. *

Example: Consider a uniformly charged infinite plane of charge density 2 C/m? that lies in
the xy-plane. Calculate the electric field vector at the point (2, 3, -5) m.

Solution:

17:(2?'-*@3]'—512) m; o =2 C/m?*; E=?

Since the point lies below the xy-plane (z =—5m<0),

e =—k

E =2rkoé \=-27x9x10° x2x107°k N/C=-367x10'k N/C

Electric field due to a uniformly charged spherical shell
Let the radius of the shell be R.

Electric field for points inside the spherical shell (r <R): From symmetry, it can be concluded
that the electric field on a concentric spherical Gaussian surface inside the sphere is uniform
and radial. Then, if the radius of the Gaussian surface is » < R, then ¢, ., =47r°E =4rkq.
But, there are no charges inside the Gaussian surface (because the chargessmrfaec;ide on the shell)

and g =0. It follows that the electric field inside a charged spherical shell is zero everywhere
E=0

Electric field for points outside the spherical shell (r>R): From symmetry the field on a
concentric spherical Gaussian surface of radius » > R enclosing the charged shell is uniform
and radial. If the charge density of the shell is O, then the total charge enclosed by the
Gaussian surface is 47R*c . dA = dA ér and E = Eér; and ¢ E-dd= § Edd=F i dA = Am Er* =4k
where Q=47R’c is total charge on the shell. Therefore the magnitude of the electric field
outside the shell is given by

7

. o= oA kO, kKOF kO . - o
And the vector electric field is £ = Ee, :—ger :—%2— :—3Qr where 7 is a position vector.
r rrroor
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The electric field inside and outside can be combined together as

Oifr<R

E=
g ifr>R
-
Conductors in Electrostatic Equilibrium

Conductors are said to be in electrostatic equilibrium, if their free charges are at rest.
The fact that the charges are at rest indicates that the electric field inside a conductor in
electrostatic equilibrium must be zero. Because, if there was a non-zero field, the free charges

would be moving.

Now let’s consider a Gaussian surface inside a conductor in electrostatic equilibrium. Gausses
law implies that §E -dd=47kq. But E =0 everywhere inside which implies ¢ must be zero.
Therefore there is no net excess charge inside a conductor in electrostatic equilibrium. If
there is an excess charge, it must reside on the surface of the conductor. Since the charges
are not moving on the surface of the conductor, the component of the electric field just
outside the conductor in a direction parallel to the surface must be zero. Thus, the electric

field just outside a conductor must be perpendicular to the surface of the conductor.
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To find the magnitude of the electric field just outside the conductor in terms of the charge
density (o) on the surface, let’s use a small cylindrical Gaussian surface enclosing a small
surface area (dA) of the conductor with the axis of the cylinder being parallel to the direction
of the area element. If the charge density of the surface charges is o, then the charge enclosed
by the Gaussian surface is 0dA4. The electric flux crossing the surface of cylinder inside
the conductor is zero because E =0 inside. The flux on the curved surface outside is zero
because the electric field is parallel to the surface (or L to the area). The only contribution
to the flux comes from the end face outside the conductor: dgy = EdA =4rnko A. Therefore

the magnitude of the electric just outside a conductor in electrostatic equilibrium is given by

E=4rko=2

€o
And E =4rkoé, where é, is a unit vector perpendicular to the surface (outward) at the given
location. Magnitude of the electric field just outside a conductor in electrostatic equilibrium
is proportional to the charge and its direction is L to the surface. For a spherical conductor
in electrostatic equilibrium, © 24”% where Q is the total excess charge on the surface
(From symmetry, the excess charges must be distributed uniformly on a spherical surface).
It follows that E :];—g. This indicates that for a surface of irregular shape, the electric field
is inversely proportional to the square of the radius of curvature of the surface. In other
words, the electric field will be stronger at sharper parts of the surface than at dull parts
of the surfaces. And since the electric field is proportional to the charge density, it follows
that the charge density at shaper parts of the surface is greater than that of the dull parts

of the surface.

Practice Quiz 2.2
Choose the best answer

1. Which of the following cannot be deduced from symmetry considerations about
the electric field due to a uniformly charged spherical object (assume the charge
is positive)?

A. The electric field on a spherical surface concentric with the spherical object has
no component in a direction that is tangent to the surface

B. All of the other choices can be deduced from symmetry

C. The direction of the field at any point is in the direction of the position vector
of the point with respect to the center of the spherical object.
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D.The angle formed between the position vector (with respect to the center of
the spherical object) and infinitesimally small area element at any point on a
spherical surface concentric with the sphere is 90°.

E. The magnitude of the electric field is constant on any spherical surface concentric

with the spherical object

. Which of the following cannot be deduced from symmetry considerations about
the electric field due to an infinitely long straight uniformly charged rod (assume
the charge is positive)?

A. All of the other choices can be deduced from symmetry.

B. The angle between the electric field and an infinitesimally small area element
at a any point on the end faces of the surface of a cylinder concentric with the
rod is zero.

C. The magnitude of the electric field is a constant on the curved part of a cylindrical
surface concentric with the rod.

D.The angle between the electric field and an infinitesimally small area element at
a any point on the curved surface of a cylinder concentric with the rod is zero.

E. The direction of the electric field is perpendicular to the rod everywhere.

. Which of the following cannot be deduced from symmetry considerations about
the electric field due to a uniformly charged plane that extends in all directions
infinitely (assume the charge is positive)?

A. The magnitude of the electric field is constant everywhere

B. The angle between the electric field and an infinitesimally small area element
at any point on the end faces of a cylinder whose axis is perpendicular to the
plane is zero.

C. The direction of the electric field is parallel to the plane everywhere.

D.The angle between the electric field and an infinitesimally small area element at
any point on a curved surface of a cylinder whose axis is perpendicular to the
plane is 90°

E. All of the other choices can be deduced from symmetry.

. Calculate the charge density of a uniformly charged sphere of radius 0.54
m centered at the origin if the magnitude of the electric field at the point
(18.2, 3.2, 2.8) m is 5.3 N/C.

A. 0.405¢-6 C/ m?

B. 0.25¢-6 C/ m’®

C.0.281e-6 C/ m?

D.0.187¢-6 C/ m?

E. 0.312¢-6 C/ m?
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5. Calculate the electric field due to a uniformly charged sphere of radius 0.46 m and
charge density 5.3e-6 C/m? (centered at the origin) at the point (18.2, 1.5, 2.8) m.
A (61.742 i+ 5.089j + 8.635 k) N/C
B. (72968 i+ 2.776j + 6.908 k) N /C
C.(56.129 i+ 5.089j + 6.908 k) N/ C
D.(72.968 i + 4.626 j + 6.908 k) N/ C
E. (56.129i + 4.626j + 8.635 k) N/C

6. Calculate the magnitude of the electric field due to a uniformly charged sphere
of radius 0.24 m and charge density 5.3¢-6 C/ m?® (centered at the origin) at the
point (4.5¢-3, 3.4e-3, 5.3¢-3) m.

A. 1082476 N/ C
B. 1391.755 N/C
C. 1546.395 N/C
D.2164.953 N/C
E. 1855.674 N/ C
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7. Calculate the charge density of an infinitely long rod that lies along the z-axis if
the magnitude of the electric field at the point (16.3, 7.4, 3.2) m is 3.2¢3 N/ C.
A. 3.819¢-6 C/m
B. 1.909¢-6 C/ m
C.3.182¢-6 C/ m
D.2.228¢-6 C/ m
E. 2.864¢e-6 C/ m

8. Calculate the electric field due to an infinitely long uniformly charged rod of charge
density 9.7¢-6 C/ m that lies along the z-axis at the point (12.5, 6.1, 1.5) m.
A.(10.584e3 i + 5.165¢3 j) N/C
B. (11.642¢3 i + 3.615¢3 j) N/ C
C.(7.409¢3 i + 3.099¢3 j) N/ C
D.(11.642¢3 i + 5.165¢3 j) N/C
E. (10.584¢3 i + 4.132¢3 j) N/ C

9. Calculate the charge density of a uniformly charged plane (that extends infinitely
in all directions) that lies on the xy-plane if the magnitude of the field at the point
(17.1, 4.8, 5.3) m is 3.2¢5 N/ C (assume positively charged).

A. 4.527e-6 C/ m?
B. 5.093e-6 C/ m?
C.3.395¢-6 C/ m?
D.7.356e-6 C/ m?*
E. 5.659-6 C/ m?

10.Calculate the magnitude of the electric field due to a uniformly charged and
infinitelylong cylindrical shell (open on both ends) of radius 0.24 m and charge
density 8.5¢-6 C/ m? at a point located at a perpendicular distance of 6.7 m from
the axis of the cylindrical shell.
A. 34040.444 N/ C
B. 30258.172 N/ C
C.o
D.26475.901 N/ C
E. 37822.715 N/C
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11.Calculate the magnitude of the electric field due to a uniformly charged
infinitely long solid cylindrical cable of radius 0.8/ m and charge density
3.2¢-6 C / m® at a point located at a perpendicular distance of 3.2 m from
the axis of the cylinder.
A0
B. 29681.265 N/ C
C.37101.581 N/C
D.48232.055 N/ C
E. 40811.739 N/ C

12.The electric field between two oppositely charged parallel plates is a constant and
perpendicular to the plates. The electric field outside the plates is approximately
zero. If the charge density of the plates is 6.7¢-6 C/m? is, calculate the magnitude
of the electric field between the plates. (Hint: use a cylindrical Gaussian surface that
encloses a part of one of the plates and whose axis is perpendicular to the plate). 1
A. 689.894¢3 N/ C
B. 965.851¢3 N/ C
C.551.915¢3 N/ C
D.896.862¢3 N/ C
E. 620.904¢3 N/ C
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3 ELECTRIC POTENTIAL

Properties of conservative forces

Since electric force is conservative, let’s start by reviewing some of the properties of

conservative forces.

Work done by a conservative force is independent of the path followed. It depends only
on the difference between the potential energies (U) (energy due to location, orientation,
deformation) at its initial and final locations. This implies that the work done on a closed

path is zero because the initial and final locations are the same.

The work done by a conservative force (W,) is defined to be the negative of the change in

the potential energy

W =-AU

Cc
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If all the forces with non-zero contribution to the work done acting on an object are

conservative, then mechanical energy (ME) of the object is conserved. Mechanical energy is

the sum of kinetic energy ( kgL msz and potential energy. The conservation of mechanical
2

energy may be written as

1.2 172
2mvi+UZ 2me+Uf
Or
1 2 1. 2 __ _U)=—
2mvi 2mvf— (Uf U,)— AU
Or

AKE =-AU

Work Done by Electrical Force

The work done by electrical force (ﬁe) is displacing a charge by an infinitely small
displacement J7 is given by aw, =Fe -dr. And the work done in displacing the charge

from position F, to position 7  is obtained by integration.

I A
7 B
W =Q1dw = F -dr
e e e
]_;1

But the electric force can be written in terms of electric field and charge as F =¢E . Thus,
e

the work done by the electric force may also be written as.

)
W =qj E-d¥

e

1

"

If the electric field is a constant, then it can be taken out of the integral and W =4E I dr.
e

gl

Therefore the work done by a constant electric field may be written as
W, =qE - AF = gEd cos(6)
Where AF =17f —7 is the displacement of vector, d= |AI7| is the magnitude of the displacement

and 0 is the angle formed between the field and the displacement. If E and A7 have the

same direction 0 = 0 and

We =qEd
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Unit of measurement for work is the Joule (J)

Example: A 6uC charge is displaced horizontally by a distance of 2mm in a region where
there is an electric field of strength 100 N/C that makes an angle of 60° with the horizontal.

Calculate the work done.

Solution:
g=6x10"°0C; d=2x10"m; E=100N/C, 0=60° IW,=?

W, =qEd cos0 = (6x1070)(100)(2x1072 Jeos60° 1 =2x10~7 J

Example: A 2uC charge is displaced from the location (2f —3]‘) m to the location (—4/ +9}') m
in a region where there is a constant electric field (—10? —4]‘) N/C. Calculate the work done

by the electric force.
Solution:

g=2x10"°0C 7, =(27-3]) m; 7, = (=47 +97) m; E=(~10/-4]) N/C; W, =

a7 =F, T, =(—4i+97) m—(2/-3]) m=[6i +12] | m

W =gEeAF = (2x10_6)[(—10f—4j)-(—6f+12}')] 7=24x10"07

e

Electrical Potential Energy

The change in the electrical potential energy of charge, ¢, as it is placed from an initial
location 7, to a final location 7 . is equal to the negative of the work done by the electrical
i

force in displacing the charge from the initial location 7. to a final location 7 .
i

S
f

.
AU =U -U, =—We:—qj E-dr

7,
1
Since electric force is a conservative force, this integral does not depend on the path followed
between 7. and 7 .. Therefore, it can be evaluated along the straight line joining the initial
l ~ = g
and the final point. If this line is chosen to be along the x-axis, then dF =dxi and E-dr = E dx

where E_ stands for the x-component of the field; and the integral may be written as

X
AU = —qJ- ! E.dx

X.
l
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]_,.'
- _ 2
If the electric field is a constant, then E can be taken out of the integral and AU = —gFE - dr
7
1

AU = —qE - AF = —qEd cos 0

And if the electric field and displacement are parallel, then 0 = 0 and AU =—gFEd. If we are

interested in the numerical value only, then |AU|=|q|Ed.

Example: The electric field along the x-axis varies according to the equation E = 3xi. Calculate
the change in the electrical potential energy of a 4 C charge as it is transported from the

point x=3 m to the point x=10 m.

Solution:

E =3x;x,=3 m; x, =10m; g=4C; AU ="?
X, 10
AU =—q E.dx=-4 3xdx =-546 ]
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Potential Difference

Potential difference between two points (A4V) is defined to be as the change in potential

energy per a unit charge for a charge displaced between the two points.

A =AU
q

Unit of measurement for potential difference is J/C which is defined to the Volt (V).

i
Since AU = —qj E-dF, potential difference may also be given in terms of electric field as

r.
1

r.o
AV =— E-dr

r.
l

Where AV = V(Ff)—V(Fl. ) Again since this integral is independent of the path followed,
it can be evaluated along the straight line joining the two points. If the x-axis is taken to

be along the straight line, then

Yr
AV =— E\dx

X

7

~ >
If the electric field is a constant, E can be taken out of the integral and 47 =-E J. dr. Therefore

n

when the electric field is uniform, the potential difference simplifiesto AV = — E- AF = —Ed cos(6)
If the charge is displaced in the direction of the displacement, 8 = 0 and AV =—FEd. And
AV|=Ed.

if only the numerical value is of interest,

Example: The electric field in a certain region varies the distance x according to

. = 4. . . .
the equation F'=—i. Calculate the potential difference between a point located at
X

x =2 m and a point located at x =4 m

Solution:

xi:2m;xf=4rn;AV:?

Yr
AV =— E.dx
Xj
t4 1 1
AV:—I—de=4£———j V=-2V
> X 4 2

Download free eBooks at bookboon.com



The electron Volt is a unit of energy commonly used in atomic physics. It is defined to be
the amount of energy equal to the change in potential energy of an electron when it is
displaced through a potential difference of 1 Volt. Therefore one eV is equal to the product
of the charge of an electron and 1 Volt.

eV=1.6x10"1]

Motion of a charge in an electric field

If the only force acting on a charge is electrical force, the net work done is equal to the
work done by the electrical force; That is, w.=Ww.. According to the work kinetic energy

theorem, net work done is equal to the change in kinetic energy of the charged object.
Therefore W,, =W, =—AU = AKE'. 'Therefore it follows that

1 1 o=
—mvf2 ——mv =W, :—jf E-dr =—AU =—qAV
2 72 i

Where m is the mass of the charge, v, is the velocity at the initial location and v, is the

velocity at the final location.

Example: Calculate the speed of a proton initially at rest when it is accelerated through a
potential difference of 10 Volt.

Solution:

AV =-10 V (negative because a proton is displaced in the direction of the field when released from rest)

g =1.6x10" C (charge of a proton)

m=1.67x10"" kg (mass of a proton)

v; =0 (released fromrest); v, =7
|

5 myy

— —2(1.6x107")(-10
v = 2‘1AV:\/ A010T)(=10) | o 4 4x10® s
: m 1.67x10

Example: Two oppositely charged parallel plates are separated by a distance of 4 mm. The

| S
——mv.” =—qgAV
2 1

electric field between the plates is uniform and perpendicular to both plates. Its strength
is 20 N/C.
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a) Calculate the potential difference between the plates.
Solution:
E=20N/C, d=4x10"> m;AV =?

AV =~Ed =~(20)(4x1073) V=8x1072 v

b) Calculate the work done by the electric force as a 2 pC charge is displaced from the

positive plate to the negative plate.
Solution: Since the electric field is directed from the positive to the negative plate, 8 = 0
g=2x10"C; W, =2

W, =qEd =2x10°x20x0.004 J =1.6x107 J

W e

Vowo Tavexs | Resanr Toocks | Macs Tovers | Vowo Buses | Vowo Cowsteuction Esumsent | Wowo Pesm | Vowo Aero | Vowo IT
Vowo Fimswcer Sepces | Vowo 3P | Vowo Powerream | Vowo Pasrs | Vowo Techwowoey | Wowo Loasncs | Busisess Anes Asie

Download free eBooks at bookboon.com

Click on the ad to read more

54


http://s.bookboon.com/volvo

c) Calculate the change in potential energy for a 2 pC charge as it is displaced from the

positive plate to the negative plate.
Solution:
AU =7
AU =-W, =-16x10"" ]
e) Calculate the potential difference between the positive and the negative plate (V_—V).
Solution:

AV =?

AU -1.6x107

e T A LA

Vi 4

f) A proton (mass —1.67x10727 kg ) is released at rest from the positive plate. Calculate

its speed by the time it reaches the negative plate.

Solution:
v,=0;v, =7
%me2 —%mviz =-AU =—qAV
%(1.67x10_27 kg)vi =—(1.6x10‘19)(—8x10‘2) J

—21
2 = 128610 = 12/ ~153x100 m? /s
S 0.835%x10™

vy =1237 m/s

<

Download free eBooks at bookboon.com



Potential Due to a Point Charge

Potential difference is independent of the choice of a reference point. But to specify the
potential at a given point, a reference point is needed. The value of the potential at a certain
point can be fixed arbitrarily; then the potential V at other points is specified with respect
to the reference point. For potentials due to point charges, the reference point is taken to
be at infinity, and the potential at infinity is set to zero. To obtain the potential at a point
a distance r from the charge, first we obtain the potential difference between this point
r
and the point at infinity: 4/ =-| E.d7. Since this integral is path independent, the integral
can be done in a radial directiorf Then with E :k—gé and dr =dr ér (where Er zé), the
r

integral simplifies to AVzV(r)—V(oo):—'[ ]:—gdr. Sett’iﬁng V(o) to zero the following expression
for the potential as a function of 1r::1cliaciO distance is obtained.

v(r)="

r

If with respect to a certain coordinate system, the position vectors of the point where the
potential is to be calculated and the charge are 7 and 7 respectively, then r=|770 -7 ‘ and

the potential at the point (V) may also be written as

kq

|r0—r1|

4

Superposition Principle

If there are a number of point charges in the vicinity of a point, the net potential at the
point is obtained by adding the potentials due to the charges algebraically. If the charges
4,,9,-4,-.. located at 7,7, 7,... respectively are in the vicinity of a point located at 7, then

the net potential at the point (V) is given by

v, =k| = 92 +‘ T Y ) Q. [

+
n -7l |5-5 |5-F =7 -7

Example: Three charged particles of charge -2 nC, 4 nC and -1 nC are located at the points
(0, 0.003)m, (0, 0)m, and (0.004, 0)m respectively. Calculate the net potential at the point
(0.004, 0.003)m due to these charges.
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Solution:
7, =(0.0047 +0.003/) m; g, =—2x10" C; 7 =0.003] m; g, =4x10”° C; 7 =0;

¢,=-1x107 C; 7°=0.004{ m; V,=?

7, —7 =0.004f m; 7, — 7 =(0.0047 +0.003) m; 7, —7 =0.003j m
|7 = 7= 0.004 m; |7 - 7| = J0.0032 +0.004” m; |7 ~7|=0.003m
V :k( QI + qz + q3 J
0 — — — — — —
e I A R R
—9x10° -2x107° +4X10_9 +_1X10_9 V =-300V
0.004 ~ 0.005  0.003
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Practice Quiz 3.1
Choose the best answer

1. Which of the following is a correct statement?

A. The potential at a point due to a point charge is inversely proportional to the
square of the distance between the point and the charge.

B. If the only force acting on an object is electrical force, then its mechanical
energy is conserved.

C. The unit of measurement for potential difference is the Joule.

D.Electron Volt (eV) is a unit of measurement of potential difference

E. Potential difference between two points is defined to be equal to the change

in electrical potential energy of an electron displaced between the two points.

2. Two oppositely charged parallel plates are separated by a distance of 0.088 m. If 45
J of work is done by the electric force in displacing a 6 C charge from the positive
to the negative plate, calculate the strength of the electric field between the plates.
A.93.75 N/C
B. 85227 N/C
C.51.136 N/C
D.59.659 N/C
E. 102273 N/C

3. Two oppositely charged parallel plates are separated by a distance of 0.7/ m. The
strength of the electric field between the plates is 350 N/ C. Calculate the change
in electric potential energy of a(n) 8 C charge when displaced from the positive
to the negative plate by the electric force.

A.246.4]
B.277.2]
C.308 ]
D.-308 ]
E.-277.2]

4. A -0.12 C charge is displaced horizontally to the right with a distance of 0.28 m
in a region where there is an electric field of strength 50 directed vertically upward.
Calculate the work done by the electric force.

A 14]
B. -1.68
C.1.68]
D.-14]
E.0]
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5. A -0.12 C charge is displaced by 0.16 m horizontally to the right in a region where
there is an electric field of strength 200 N/ C that makes an angle of 30° with the
horizontal-right (east). Calculate the work done by the electric force.

A.-3.326]
B. -3.84 ]
C.1.92]
D.-1.92]
E. 3.326]

6. The potential difference between two oppositely charged parallel plates is 17.71 V.

If the strength of the electric field between the plates is 200 N / C, calculate the
separation (distance) between the plates.
A.0.103 m
B.0.111 m
C.0.086 m
D.0.094 m
E.0.12m

7. Calculate the work needed to displace a 0.049 C charge through a potential
difference of 714 V.
A. 0.686]
B. 0.823 ]
C.0412]
D.0.617]
E. 048]

8. Calculate the speed of an object of mass 4e-11 kg and charge 5¢-9 C accelerated
from rest through a potential difference of 9 V.
A. 47434 m/s
B.52.178 m/s
C.33.204d m /s
D.56.921 m /s
E. 28.46 m /s
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9. Two oppositely charged parallel plates are separated by a distance of 0./ m.
The strength of the electric field between the plates is 250 N/ C. An object of mass
1e-10 kg and charge 9e-9 C is released from rest at the positive plate. Calculate its
speed by the time it reaches the negative plate.

A. 53.666 m /s
B. 67.082 m/s
C.46.957 m/s
D.93.915 m/s
E. 60.374 m /s

10.A -4e-9 C charge is located on the x-axis at x = 0.2 m. A 3¢-9 C charge is located
on the x-axis at x = 0.7 m. Calculate the net electric potential due to these charges
at a point located on the x-axis at x = 1.2 m.
A.19.111V
B. 13.556 V
C.20.222V
D.18V
E. 14.667V
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11.A 4e-9 C charge is located at the origin. A 4e-9 C charge is located on the x-axis
at x = 0.7 m. Calculate the net electric potential due to these charges at a point
located on the y-axis at y = 1.4 m.

A. 45381V
B. 50.936 V
C.53.158 V
D.48.714 V
E. 49.825V

12.A 8.2¢-9 C charge is located on the x-axis at x = 5.4e-3 m. A 6.1e-9 C charge
is located on the x-axis at x = 8.3¢-3 m. Calculate the change in potential
energy of a 4.5 C charge displaced from the point x = 75.3¢-3 m to the point
x = 24.6e-3 m.

A. 43661.994 ]
B. 18192.497 ]
C.25469.496 ]
D.36384.995 ]
E. 40023.494 |

Energy Stored by Point Charges

The energy stored (U) by two point charges ¢, and g, separated by a distance 7, is defined
to be the work needed by an external force (W, ) to bring one of the charges (say ¢,) from
infinity to a separation of distance 7 from the other charge. Work needed means minimum work
without accelerating the charge (that is, AKE =0). The charge is being acted by the external
force and the electrical force. Therefore W, , =W, +W,=AKE =0. Therefore w =-w .

net ext
kql ext

e
But w, =-AU=-¢q, 4 =—q 0|. And since U =W, =W, =AU, it follows that the

2 t

electrical energy stored by the two point charges is given by

ka4,

h»

U

The energy is positive when the two charges have the same charge and negative when they
have opposite charges. If the position vectors of charges ¢, and g, are 7 and 7, respectively,
then 7, = |l71 —772‘ and the energy may alternatively be expressed as
ki
_ "9

|F1_V2|
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Energy stored by more than two point charges is equal to the external work needed to bring
the charges from infinity to their respective positions with respect to one of the charges.

For example, if there are 3 charges ¢, ¢, and q;, the energy required to bring g, from

ka,q,

infinity to at a distance of ‘171 —172‘ from g, is . And the energy required to bring g,

h=n
from infinity to a distance of |l_”i —73‘ from ¢, is given as (remember the third charge is facing
kq,q, .\ kq,q,
e

of charge 3 from charges 1 and 2 respectively. Therefore the total energy stored by the 3

electric forces from both ¢, and g,) , where |7 —7| and |17; —173| are distances

kq,q, . kg4, +kq1q3

charges is given as U = If there are 7 charges, by a similar process it

18 v 18
12 23 13
can be shown that the energy stored by the 7 charges is given by
n n
U=k z : 2 :ﬂ
2 -7
i=l i=j
1. . . kq.q .
The factor 5 i needed because the summation contributes two of the same terms: -/‘
r—r
kq .q. Y
and _J t.
7 -7

Example: Particles of charges -2 nC and 4 nC are separated by a distance of 2 mm. Calculate
the electrical energy stored by the charges.

Solution:
g, =-2x10" C; g, =4x10" C;

9 -9 -9
910 )(-2x1077 )(4x1077)
o k4,4, =( X X X
7 7] 2x107
Example: Three particles of charges 3 nC, 4 nC and -5 pC are located at the points

F—7|=0.002m; U="?

J=-3.6x10"" 7

(—=0.003,0) m, (0.003,0) mand (0,0.004) m respectively. Calculate the electrical energy stored
by this system of charges.
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Solution:

=3x10"° C; 7 =-0.003; m; ¢, =4x10° C; 7 =0.003i m; ¢, =—5x10° C; 7 =0.004j m; U =?

iy =[F =7 =0.006 m; 1, =17 —7| =+0.003" +0.004 0.005 m; , =|7; — 7| = 70.003% +0.004> m=0.005 m

_kq1q2+kq2q3+kq1q3_9xm (3><4 4x=5  3x 5)
0.006 " 0.005 ' 0.005

J=-45]
"2 "3 "3

Conservation of Mechanical Energy for a System of Two Point Charges

Mechanical energy of a system of charges is equal to the sum of the electrical potential
energy of the system of charges and the kinetic energies of all the charges in the system. If
there are 2 charges in the system, the mechanical energy is equal to the sum of the kinetic

energies of the two charges and the electric potential energy stored by the charges.

ME = lmlvl2 + lmzvz2 + kaiqy
2 2

D)
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Therefore the principle of conservation of mechanical energy for a system of two charges

can be written as

E n/llvli2 + 5 mzvzl.z + M =— mlvlfz + 5 mzvzf2 + M

Nai Nay

Example: A proton is fixed at a certain location. Another proton is propelled towards this
proton with a speed of 2x10° m/s from a very large distance effectively infinity. How close

would the two protons get.
Solution:
vy =V, =0;v,, =2x10° m/s; 1y, =00; my =m, =1.67x107" kg;
v, =0 (at the closest distance (turning point) speed should be zero); 7, , =?

ke
/{ +—myV,,” 7Z / / iy
Nay

2 k%%

Nay

2k, ~2(9x107)(1.6x107)’

=6.9x10"
myvai® (167x10’27)(2x103)2m —

5 m2v2i

hay =

Example: Two protons separated by a distance of 0.002 m are initially at rest. If they are

released at the same time, calculate their speeds after the distance between them is doubled.
Solution:

Since the two protons are subjected to the same force (action reaction forces), they will

have the same speed at any point.
7 15,=0.002 m; 7, =2(5,)=0.004 m; m, =m, =m, =1.67x10"" kg (mass of a proton)
q, =9, =q, =1.6x10"" C (charge of a proton)

v, =V, =0; Vi, =V, =y="?

k 1 k
M / 4,49, ——m, 1f2+§m2v2f2+ 49>
Nai Ny
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1 2 kq,q,

> m,v,;

Nay

kg’ 9x10°[1.6x10™"° ]’
=\/ﬁ(i ! J:\/ [ ]( L1 jm/s=5.87m/s
P

m | r 1.67x1077 0.002 0.004

12i oy

Potential due to a Continuous Distribution of Charges

Potential at a certain point P (¥,) due to a continuous distribution of charges is obtained
first by dividing the charges into small charges dg; and then obtaining the potential due
to an arbitrary charge 4g. If the distance between g and point P is 7,, then the potential
at point P due to dg is kd The net potential is obtained by integrating over the total
charge. To convert the 1ntegral over charge to an integral over volume, dg can be expressed

in terms of small volume element (4V) and the charge density p as dg = pdV .

Vp:kjﬂ:kj'ﬂ
I"p rp

If 7 and 7" are the position vectors of point P and dg with respect to a certain coordinate
system respectively, then 7, = |17 —7'. And replacing 4V by a¥'' (to emphasize that the integral

is over 7' and not over 7), the potential at point P, can also be written as
pdV'

For linear charge density, the symbol A is used customarily and dg = Adx where dx is a

v, kj‘

small path element.

Adx'

v, = kj|x x|

For areal charge density, the symbol o is used customarily and dg=o0dA where dA is a

small area element.

odA'
7l

Example: A rod of length L and charge density A lies along the x-axis. Its left and is at the

v, = kj‘

origin. Obtain an expression for the potential at a point P on the x-axis that is located a

distance 4 to the right of the right end of the rod.
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Solution: Let dx be an arbitrary small path element with charge dg located a distance x from
the origin. Then the distance between dg and point P (rp) is (@ + L - x) (Or alternatively,

7=(a+L)i;7 =xi and r, = ‘7—77" =a+L~-x. Also dq = Adx. Therefore the potential at point

x=L

P can be written as V, = _kAdx  1et, u=L+a—x, then du=—dx,u(x=0)=L+a
P a+L—x
X=

a
and u(x:L):a. Then sz—kﬂ,J. %=—k/l(ln(a)—ln(L+a))=kﬂln([’+aj,

L+a a

Example: Consider a uniformly charged ring of radius R and total charge Q on the yz-plane
centered at the origin. Obtain an expression for the potential at a point P located on the

x-axis at a distance x from the origin.
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Solution: Let ds be an arbitrary small arc-length element where charge dg is contained.

Then dg = Ads. Since it is uniformly charged, the linear charge density can be obtained by

dividing the total charge by the circumference of the ring. Thus, dg= ZQ ds. The distance

7R
between ds and point P is NVR* +x . The potential at point P due to the charge g is given
as dV, k-2 % and the net potential is obtained by integrating s from 0 to 27R

27R \R* +x*

(circumference): V,=k LT ds =2 .
27RNR* +x% R +x°

Example: Consider a uniformly charged disc of radius R and total charge Q on the yz-plane
centered at the origin. Obtain an expression for the potential at a point P on the x-axis a

distance x from the origin.

Solution: Consider a ring of radius » < R and thickness dr centered at the origin. As shown

kdq

N+ X

for the charge contained on the ring. Since it is uniformly charged, the charge density is

in the previous problem, the potential at point P due to this ring is where dg stands

equal to the ratio of total charge to the area of the disc ( %zj Therefore 4g = QZ 27rdr
V4 7R

where 27rdr is the area of the ring. Now the potential due to the ring may be written

2k d L1 . . . .
as dez—QL and the total potential is obtained by integrating this from 0 to R:
R 17+

VP=2kQJ rdr et x*+r’ =u thendu =2rdr,u(r=0)=x" and u(r =R)=x’+ R’ . Then
0

2 2
y _Q X" +R d(u)

TRA):

=21§—2Q(\/x2 +R? —xj .

Obtaining Potential from Electric Field

First select a reference point. Then obtain an expression for the potential difference between
an arbitrary point and the reference point and then set the potential at the reference point

to zero.

Example: The electric field in a certain region varies along the x-axis according to the equation

E =2xi. Find an expression for the potential at an arbitrary point with respect to the origin.
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Solution

V(0)=0; E =2xi; V(x)=2
V(x)=V(0)=V(x)= —jo"E-df But - dF = (2xi ).(dxi ) = 2xdx

~V(x)= _on 2xdx = —x7|

Example: The electric field due to a uniformly charged solid sphere of radius R and total
charge Q is given by

k—Q; for r<R

E- R

% for r>R
r

Obtain an expression for the potential as a function of r by assuming the potential at

infinity to be zero.
Solution:

Forr < R

Since electrical force is conservative any path can be used to the integral. Let’s use a radial

”
direction. Then E = %é di =dr é and E-dr = Edr. Therefore qp = V(r)-V ()= _J‘ %r _ko
, r r o ”

Since V(oo) is assumed to be zero, V(r):g for r < R.
r

Forr < R

M R r r R
V(r)—V(oo):—j E-d?:—J‘ E~dF—J. E~dF:V(R)—V(oo)—j E-d7. Therefore V(R)_V(,,)Z_J‘ E-dr-
© R R r

k R
But for »<R, E:2 and V(R)—V(r):—k—Q rdr =—

k_Q(R2 —rz). But from the result for
R3
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Obtaining Electric field from Potential

AV:IdV=_ E-di which implies dV =—E-dr. For simplicity, let’s consider straight line
displacements (say along x-axis) then E-dF = Exdx and dV =—E,dx. It follows that electric

field can be obtained as the negative derivative of potential with respect to position.

Example: The potential due to a certain charge varies with position according to the equation

V =3cos(x)+1. Obtain an expression for the electric field as a function of position.

Solution:

E@):-%

= —%[3cos(x)+l:|

=3sinx
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Potential of a conductor in Electrostatic equilibrium

A conductor in electrostatic equilibrium is a conductor where the charges are not moving.
This implies the electric field inside is zero (because if there was, the charges would
be moving). This also implies all the points in a conductor in electrostatic equilibrium
are at the same poltgential. Because if points A and B are inside the conductor then
AV =V (B)-V(A4)=- I E-dF =0 (because E = 0) which implies that all points inside a conductor
are at the same potential. Also no work is required to transport a charge from one point to

another point inside a conductor in electrostatic equilibrium; because w =—-AU =—gAV =0
e

(because AV =0).

As noted in the previous chapter, excess charges of a conductor in electrostatic equilibrium
must reside on the surface of the conductor. (If there were excess charges inside, from

Gauss’s law it will follow that there is a non-zero electric field inside).

k
The electric field just outside a spherical charged sphere is R_% as shown previously. That is

the electric filed decreases as L at the surface. Therefore the smaller the radius of curvature

2
R
the greater the electric field at the surface. This indicates that for surfaces of irregular shape

the electric field just outside the conductor is greater for sharp surface than for dull surfaces.
Also since the electric field just outside a conductor in electrostatic equilibrium (£ = 47ko)
is proportional to the charge density, it follows that the charge density is greater at sharp

surfaces than it is at dull surfaces.

Equipotential surfaces are surfaces that contain points at the same potential only. The work
done in taking a charge from one point of an equipotential surface to another point of the
equipotential surface is zero because AV =0 ( A4V =0 because all the points are at the same potential ).

That is, w, = —qAV =0.

But the work done is also equal to gEdscos(6) (where 0 is the angle between the path
element on the equipotential surface and the field). This can be zero only if the angle is
zero. It follows that equipotential surfaces and electric fields are perpendicular to each other
everywhere. For example, if the equipotential surfaces are spherical, the electric field lines

must be radial.
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Practice Quiz 3.2
Choose the best answer

1. Which of the following is a correct statement?

A. A non-zero work is required to transport a charge from one point to another
point of a conductor in electrostatic equilibrium.

B. No work is required to transport a charge from one point to another point of
a conductor in electrostatic equilibrium.

C. The electric field just outside a conductor in electrostatic equilibrium is parallel
to the surface.

D.The potential inside a conductor in electrostatic equilibrium may vary from point
to point.

E. Electric field lines and equipotential surfaces are parallel to each other.

2. Calculate the electrical energy stored between a -8¢-6 C charge and a -6e-6 C charge
separated by a distance of 0.01 m.
A.34.56 ]
B.-47.52 ]
C.47.52]
D.-43.2 ]
E. 43.2]

3. The charges 3.2e-6 C, 6.3e-6 C and -9.1¢e-6 C are located at the points
x = -1.6e-3 m, x = 0, and at x = 0.015 m. Calculate the electric potential energy
stored by these system of charges.

A. 75857 ]
B. 82.178 ]
C.56.893]
D.63.214 ]
E. 37,928 ]

4. Two protons are separated by a distance of 8.3¢-9 m. One of the protons is released
from rest. Calculate its speed by the time their separation has increased to 8.3¢-8
m. (The charge and mass of a proton are 1.6e-19 C and 1.67¢-27 kg respectively.)
A.7.111e3 m/'s
B. 4.376e3 m /s
C.6.017¢3 m/s
D.7.658¢3 m /s
E. 547¢3 m/s
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5. Consider a uniformly charged rod of charge density 3.7¢-9 C/ m that extends
from the origin to x = 0.2 m. Calculate the electric potential due to this rod at
the point x = 7.2 m.

A. 425V
B. 5464 V
C.7.286 V
D.6.071'V
E.85V

6. The charge density of a disc of radius 0.2 m varies on distance from the center of
the disc according to the equation o (7) = I.1e-9r. Calculate the electric potential
at the center of the disc.

A.0.746 V
B. 1.617V
C.1.493V
D.1.244V
E. 1.368 V
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7. The electric field in a certain region varies according to the equation
E (x) = (1.8/x" + 1/x%) i. Calculate the potential at the point x = 7.8 m with
respect to the potential at infinity.

A.-0922V
B.-0.461V
C.-0.79V

D.-0.658 V
E.-0.593V

8. Calculate the potential (with respect to infinity) at a point which is located at a
distance of 6.1 m from the center of a uniformly charged sphere of radius 0.5 m
and a charge density of 8.4¢-9 C/ m’.

A. 9084.868¢-3 V
B.7138.111e-3 V
C.5191.353¢e-3 V
D.6489.191e-3 V
E. 4542.434e-3 V

9. The potential in a certain region varies according to the equation
V(x) = 2.4x + 0.1 sin (1.6x). Calculate the electric force exerted on a 1.5 C charge
located at the point x = 7.6 m.

A -238N/Ci
B.-4079N/Ci
C.-306 N/C i
D.-3399N/C i
E.-204N/Ci

10. The electric potential due to a certain distribution of charges varies with x according
to the equation V' (x) = 1.2/x — 1.1 /x’ Any charge will experience no electrical
force if it is located at x =
A. 2383 m
B. 1.833 m
C.22m
D.2.567 m
E.22m

Download free eBooks at bookboon.com



4 CAPACITANCE AND DIELECTRIC

Your goal for this chapter is to understand the properties of capacitors and combinations

of capacitors.

A Capacitor is two conductors (o7 more) separated by an insulator. A capacitor is used to

store charges or electrical energy. The circuit symbol of a capacitor is

_”_

Figure 7.1

When a capacitor is connected to a potential difference (such as a battery), charges are
transferred from one of the conductors to the other conductor, and both conductors acquire
equal but opposite charge. The charge accumulated is directly proportional to the potential
difference between the conductors. That is Q/ AV = constant where Q is charge accumulated
by the conductors and AV is the potential difference between the conductors. The constant

of proportionality is called the capacitance of the capacitor and denoted by C.
O=CAV

The unit of measurement for capacitance is coulomb/volt which is defined to be the Farad

abbreviated as E

Some Types of Capacitors
Parallel Plate Capacitor

A parallel plate capacitor is two parallel plates separated by an insulator. Let the area,
separation and charge density of the capacitor be denoted by 4, d and o respectively. From
symmetry, the electric field is uniform and perpendicular to the plate inside (between) the
plates and approximately zero outside the plates. An expression for the electric field can be
obtained by using Gausss law. Let the Gaussian surface be a small cylindrical surface of

base area dA4 enclosing a part of one of the plates whose axis is perpendicular to the plate.
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The electric flux crossing part of the cylinder outside the plates is zero because the electric
field outside the plates is approximately zero. The electric flux on the curved surface inside
plates is zero because the area vector and the electric field perpendicular to each other. The
only contribution to the electric flux comes from the end face inside the plates. The charge
enclosed by the Gaussian surface is 0d4 and using Gauss’s law EdA =4rxkodA . Therefore
the magnitude of the electric field between the plates is given by

o
E=4rko=—
€o
Now that we have an expression for the electric field inside, we can also obtain an expression
for the potential difference between the plates. Since the electric field is a constant,
d . . . .
|4V = Ed = 2= 'The capacitance of the capacitor is the ratio between the charge (O=0c4)
£
and the potential difference. Therefore the capacitance (C) of a parallel plate capacitor of
area A and separation 4 is given by
e A
0

C =l
Pod

~
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Example: The plates of a parallel plate capacitor have an area of 2 cm? and are separated by
a distance of 0.5 cm. Each has a charge of 0.005 nC.

a) Calculate the capacitance of the capacitor.

Solution:

A=2x10"* m?; d =5x107> m; C =2

e A (8.85x10_2)(2x10_4)
C=-0_ ; F=3.54x10"13 F
d 5x10~

b) Calculate the potential difference between the plates.

Solution:

0=5x10"12¢

-12
w2 02y
C  3.54x10™

p

c) Calculate the strength of the electric field between the plates.

Solution:

Calculate the capacitance of the capacitor.
Given: 4=2 =2x10* m%; d=5x10"m

C

P

i £, 4 i (8.85><10_2)(2x10_4)

d 5x107
Concentric Cylindrical Capacitor

F=3.54x10"13 F

Concentric Cylindrical Capacitor is a capacitor made up of two concentric cylinders. Consider
two concentric cylinders of radii a and b. Let the linear charge density of the cylinders be

s :% where Q is the total charge and L is the length of the cylinders.
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If the cylinders are long enough, it can be shown from Gauss’s law that the electric field

between the cylinders is given by E :ME (here r, is the perpendicular distance
y given by E==243, perp
1

between a point and the axis of the cylinders and € =
1

l_

is a unit vector perpendicular

IR

to the axis of the cylinders. The potential difference between the two cylinders is given by
b
AV:—jE-dF. With di =dr & , E-di =22 47 and AVz—j 2k gy = 2kaInl. The
L r L r 1 a
a
capacitance of the concentric cylinders is obtained as the ratio between the total charge and

€L

the potential difference: ¢ = ©Q __©Q  andwithi= Q, the capacitance of a cylindrical
[V 24210 L
capacitor is given by
L
C=—=—
2%n ()
a

Concentric Spherical Capacitor

Concentric Spherical Capacitor is a capacitor formed by two concentric spheres. Consider
two concentric spherical surfaces of radii # and 4 (with 2 < 4). Let the total charge of the

capacitor be Q.

From Gauss’s law, it can be shown that the electric field between the spherical surfaces is

given by
KQ .. . F = " :

E= & where e, =— and 7 is a position vector with respect to the center of the spheres.
p r

I stands for the position vector with respect to the center of the sphere. With dF =dr Er

r=b
5o kQ b—
. AV:_JAE dr _J‘ —dr :_kQ( aba). Therefore, the capacitance of a spherical capacitor
r=a ”

[%j is given as

__ab
C_k(b—a)

Parallel Combination of Capacitors

Capacitors are said to be connected in parallel if they are connected in a branched connection

as shown.
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Figure 7.2

Capacitors connected in parallel have the same potential difference because the conductors
on the same side are connected by conductors (electric wires) and are at the same potential;
but the charge will be divided among the capacitors according to their capacitances. So the
total charge is equal to the sum of the charges of each capacitor. If capacitors Cl , C X C 30

are connected in parallel and then connected to a potential difference AV, then

AV:AV1 =AV2 =AV3 =...

Q:Q1 +Q2 +Q3 +...
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Where Q is the total charge.

Equivalent Capacitance

The equivalent capacitance of a group of capacitors is defined to be the ratio between the

total charge (Q) and the total potential difference (AV)

0
Cog =7

For parallel combination, O = Ql + Q2 + Q3 +....But 0= Ceq v, Q =Ca, 0, =C,a,
Q3 +=C 3 AV,.... Therefore for a parallel combination of capacitors, the equivalent capacitance

is equal to the sum of the capacitances of the capacitors.

Ceq :C1 +C2 +C3 +...

Example: A 2F, a 4F and a GF capacitor are connected in parallel and then connected to

a potential difference of 12V.
a) Calculate the potential difference across each capacitor.

Solution:

AV =12V, W, =2 AV, =2, AV, =2
AVl =AV2 =AV3 =AV =12V
b) Calculate the charge stored by each capacitor.

Solution:

C=2FC=4F,C=6F0=20,=20,=?
Q,=C, 4V, =2(12) C=24C
Q,=C, 4, =4(12) C=48C

Q, =C, 4, =6(12) C=72C
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¢) Calculate the total charge stored by the capacitors.
Solution:

0=0 +0,+0, =(24+48+72) C=144C
d) Calculate the equivalent capacitance of the capacitors.

Solution:

€,y =C,+Cy+Cy =(2+446) F =12F

QO 144 p_HF

eq AV 12

Series Combination of Capacitors

Capacitors are said to be connected in series when they are connected in one line.

Figure 7.3

When capacitors in series are connected to a potential difference, electrons are taken from
one of the outermost conductors and taken to the outermost conductor on the other side.
All the conductors in between are charged by induction. Thus, in a series combination all
of the capacitor will acquire the same charge which is also equal to the total charge acquired
by the capacitors. The total potential difference across the combination will be divided into

the capacitors according to their capacitance.

If capacitors Cl’ Cz, C3, ... are connected in series and then connected to a potential
difference AV, then

0=0,=0,+0, =...

AV:AV1 +AV2 +AV3 +...
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Where Q is the total charge. The equivalent capacitance of the combination is

defined to be the ratio between the total charge and the total potential difference

0 0 9 0 _ N
(C :_j. AV:C_9 AVI _=1 :C_I’ AVz — ) e The[‘efore AV AI/l +AV2 +AV3 +... 1mphes

a AV C,
eq 1

_0.0 0 1 1 . i i i
T + c, tootor =gt c, +——+ ---. Thus the equivalent capacitance of capacitors

Q9
Ceq 3 eq 1
in series is given by
-1
| | 1
C =4+ +—-F+-
“ (Cl C2 C3 }

Example: A 2F, a 4F and a GF capacitor are connected in series and then connected to a

potential difference of 12V.
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a) Calculate the equivalent capacitance of the capacitors.

Solution:
C=2F,C=2F C=2F,C, ="

-1
1.1 .1 12
C =|=—+=—+—-+—| =—F
eq (cl C, C3] 11

b) Calculate the total charge accumulated by the capacitors.

Solution:
AV =12V, Q=2

p—
\S}

(12) F=144 F

0=C, 4= 1

[a—
—

c) Calculate the charge accumulated by each capacitor.
Solution:
—0 =0 =0 =144
Ql_Qz_Q3_Q_ 1 C

d) Calculate the charge accumulated by each capacitor.

Solution:
144
9 0 11 7
M=o =2 V=1V
1 1
O, 0 1441 36
My=e e s Y Y
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Practice Quiz 4.1
Choose the best answer

1. Which of the following is a correct statement?

A. The capacitance of a parallel plate capacitor is directly proportional to the
separation between the plates.

B. The charge stored in a capacitor is inversely proportional to the potential difference
across the capacitor.

C. The capacitance of a parallel plate capacitor is directly proportional to the area
of the plates.

D. A capacitor is a device that converts electrical energy to non-electrical energy.

E. The SI unit of measurement for capacitance is the Ohm.

2. Which of the following is a correct statement?
A. The potential differences across capacitors connected in series are equal.
B. The total charge accumulated by capacitors in series is equal to the sum of the
charges in each capacitor.
C. The total potential difference across capacitors connected in parallel is equal to
the sum of the potential differences across each capacitor.
D.The potential differences across capacitors connected in parallel are equal.

E. The charges stored by capacitors in parallel are equal.

3. Calculate the charge accumulated by a 2.7¢-6 F connected to a I V battery.
A.2.1e-6 C
B. 1.26e-6 C
C. 1.89¢-6 C
D.1.68¢-6 C
E. 1.47e-6 C

4. Calculate the potential difference of a parallel plate capacitor made up of two
circular conductors of radius 9.7/e-2 m and separated by a distance of 5.7¢-3 m if
there is a charge of 5.5¢-12 C in the plates.

A. 134.136e-3 V
B. 121.942¢-3 V
C.97.553¢e-3V
D.170.719¢-3 V
E. 85.359¢-3 V
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5. Calculate the capacitance of a spherical capacitor made up of two concentric
spherical conductors with radii 0.052 m and 0.13 m.
A.5.778e-12 F
B. 6.741e-12 F
C.10.593¢-12 F
D.7.704e-12 F
E. 9.63e-12 F

6. A capacitor consists of two concentric cylindrical shells. The radii of the shells
are 0.052 m and 0.11 m. Both of them have a length of 7.5 m. Calculate the
potential difference between the conductors when there is a charge of 13e-12 C
in the capacitor.

A.0.094V
B.0.129V
C.0.082V
D.0.117V
E.0.164V
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7.

Calculate the equivalent capacitance of a parallel combination of a 74 F, a 9 F and
a 13 F capacitor.

A.35F

B.38 F

C.40 F

D.39 F

E.36 F

.A 14 F and a 19 F capacitors are connected in parallel and then connected to a

9V battery. Calculate the potential difference across the /4 F capacitor.
A. I3V

B.10V

C.I9Vv

D.11V

E. 12V

. A 20 F and a 7 F capacitors are connected in parallel and then connected to a

11V battery. Calculate the charge accumulated by the 20 F capacitor.
A.219 C
B. 223 C
C.218 C
D.224 C
E. 220 C

10.An 8 F and a 79 F capacitors are connected in series and then connected to a 7V

11

battery. Calculate the charge accumulated by the 8 F capacitor.
A.23.644 C
B. 39.407 C
C.43.348 C
D.47.289 C
E. 27.585 C

.A 12 F and a 5 F capacitors are connected in series and then connected to a 11 V

battery. Calculate the potential difference across the 12 F capacitor.
A.3235V
B.2.265V
C.2588V
D.4.529V
E. 2912V
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Example: A 4 F capacitor is connected to a 12 V battery. Then it is disconnected from the
battery annd then connected to a 12 F capacitor. Calculate the charge transferred to the

12 F capacitor.

Solution: When the 4 F capacitor is connected to the 12 V battery, it will accumulate
(4)(12) C=48 C of charge. When it is disconnected from the battery and then connected
to the 12 F capacitor, charge will flow from the 4 F capacitor to the 12 F capacitor until
both of them have the same potential difference. Let the charge transferred be Q, then
AVy=AV,, and

48-0

_Q
4 12
9

48-0=%
é:
10=48
0=36C

Series-Parallel Combination

Series-Parallel combination can be simplified by replacing each series or parallel combination

by its equivalent capacitance.

Example: A series combination of a 4 F capacitor and a parallel combination of a 2 F and 3
F capacitors is connected in parallel with the series combination of a 5 F and 6 F capacitors.
Then this combination, a 1 F and a 7 F capacitors are connected in series. Calculate the

equivalent capacitance.

Solution: First let’s replace the parallel combination of the 2 F & 3 F capacitors by their

equivalent capacitance.
C,y=C,+C, =(2+3) F=5F

For the series combinations of C23 and C4

c - %% _sa . 204

234 C,,+C, 5+4 9
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For the series combinations of C5 and C6:

c.C
5% _56 p_30§

C. = =
56 C5+C6 5+6 11

C23 4 and C 56 ArC in parallel. Therefore

C 20 30) F=2250 ¢

23456 — C34 TCs6 = (? STl 99

Cl , C23456 and C7 are in series. Thus

1 1 1 1 1 1 1 18693
A=+ ——=| =1+ += |F=322F
eq C1 C232456 C7 1 2380 7 15750

15750
=15/00 g
Ce 18693

Example: The parallel combination of a 4 F and 6 F capacitors is connected in series

with a 2 F capacitor. Then the combination is connected to a 12 V potential difference.
(Let C,=2F;C,=4F;C,=6F.)
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a) Find the equivalent capacitance of the combination.

Solution:
C 4 and C ¢ are in parallel.

Ch =C,+C, =(4+6)F =10F

C46 and C2 are in series.

2 46

c,C
(2'10)1::@ F:% F

eq=02+c46 —(2+10 12

b) Calculate the total charge accumulated by the combination.

Solution:

_ _5 _
0=C, AV=3(12) F=20C

c¢) Find the charge accumulated by the 2F capacitor.

Solution:

Since C2 and C 4 Ar¢ In series
Q,=0,,=0=20C
d) Calculate the potential difference across the 2 F capacitor.

Solution:

2, 20
VZ =q=7 VZIOV

e) Calculate the potential difference across the 4 F & 6 F capacitors.

Solution: Since C4 and C6 are in parallel.

V=V =V

0
y =246 _20y_sy
46 C46 10
V4=V6:2V
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f) Calculate the charges accumulated by the 4 F and 6 F capacitors.
Solution:

0,=CV,=(4)(2) c=8C

0, =C. ¥V, =(6)(2) C=12C

Energy Stored by a Capacitor

As a small charge dg is added to a capacitor when its potential difference is AV -4 , the

energy of the capacitor increases by dU = AVdyg :%dq. As the charge increases from zero

to a charge Q, the total energy stored by the capacitor is obtained by integrating from
AV

zero to Q: Q: U =J‘dU :I %dq. Therefore the electrical energy stored by a capacitor of
0

capacitance C when the charge stored by the capacitor is Q is given by

2
v=12"
2 C

Replacing C by % or replacing Q by CAV, the following alternative expressions for the

energy can be obtained.
=1 =1 2
U= 5 OAV 5 CAV
Energy Density of a parallel plate capacitor

If the area of the plates is A and the separation between the plates is 4, then the volume

between the parallel plate capacitor is Ad. The electrical energy density (%) is obtained by

1 2
~cw
dividing the total energy by its volume: u=L--2 - But Ay = E4 (where E is the electric
&4 4
e, A 1207 (ka) . :
field between the plates and ¢ = OT' Therefore ,_2 dAd and the electrical energy density

is given in terms of the electric field as

_1 2
u—280E
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Capacitors with Dielectrics

A dielectric is an insulator placed between the conductors of a capacitor. A dielectric is
used to increase the capacitance of a capacitor. The charges in the plates of the capacitor
will set up an electric field directed from the positive plate towards the negative plate. Let
the strength of this field be £ . This is also the field when the medium inside is vacuum
(or approximately air). Now suppose the medium is replaced by an insulator. This electric
field will exert force on the molecules of the dielectric. The negative part of a molecule will be
pulled towards the positive plate and the positive part of the molecule will be pulled towards
the negative plate. Thus, the molecules of the dielectric will set up their own electric field
directed from their positive end towards their negative end which is opposite to the electric
field set up by the charges on the plates. The net electric field between the plates is the field

due to the charges in the plates minus the field due to the molecules of the dielectric.

Thus, the electric field strength with a dielectric is less than the field strength without a
dielectric. The ratio between the field strength without a dielectric (E 0 ) to the field strength
with a dielectric (E ) is defined to be dielectric constant (K) of the dielectric.
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Dielectric constant is one for vacuum but greater than for all insulators because E < E,. The
potential difference between the plates (AVO) when there is no dielectric (i.e. vacuum) is
given by AV, = Eodwhere d is the separation between the plates and the potential difference

) ) ... E E d
(AV) with the dielectric is given by AV =Ed. But g=—0. Therefore gy -_0_ or
K i

AV

AV =—0
K

The effect of a dielectric is to decrease the potential difference. As a dielectric is inserted the

charge on the plates remain the same (Q=Q,). The capacitance of the capacitor without

9

a dielectric is given byC; =77~ and the capacitance with a dielectric of dielectric constant
0
K is C:i_g. Replacing AV by AV shows that the effect of a dielectric is to increase the
K

capacitance of the capacitor by a factor of k.

C=xC
0
When a dielectric is inserted between the conductors of a capacitor, the charge remains the
same, the electric field decreases by a factor of L the potential difference decreases by a
K

1

factor of P and the capacitance increases by a factor of k.

Example: A parallel plate capacitor whose plates are separated by a distance of 4 mm has
a capacitance of 0.4425 pF when the plates are separated by air. It is connected to a 10 V
battery and then disconnected. Then the space between the plates is filled with an insulator
of dielectric constant 1.5.

a) Calculate its capacitance.

Solution:

C,=4.425x10" F; k=15, C=?
C=xC,=(1.5)(0.4425x10" F)=6.6x10™" F
b) Calculate the potential difference between the plates.

Solution:

AV, =10 V; AV =2

AV:—O:I—% V=667V

A
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c) Calculate the strength of the electric field.

Solution:

d=0.004 m; E="?

A
E, = %o 19 \yc—2sxi0t v
d 0004
3
£=bo _2X10° (e 6x10° NIC
K

d) Calculate the charge on the plates.

Solution:

Q=2
0=0,=CAV, =4425x10"" x10 F=4.425x10"" F

Example: A parallel plate capacitor has an area of 0.002 cm? and a separation of 0.1 m.
the bottom half of the capacitor (when the plates are in a vertical position) is filled with a

dielectric of dielectric constant 2. Calculate the capacitance of the capacitor.

Solution: This can be treated as the parallel combination of two capacitors whose areas are
half of the total area. C= Ca +C 4 where C stands for the capacitance of the upper half

with air and C, stands for the capacitance of the lower half with dielectric.

s A 885x10712 (0-—02

) F =885x107 1! F

_202 2
Ca=7a ~ 0.1

e, 4 2(8.85x10‘12)(0-202) »
C,=—r2= N F=177x10"1 F
C=C_ +C, =(8.85+17.7)x10"'! F=2655x10"'1 F

Example: A parallel capacitor has an area of 0.02 cm? and a separation of 0.1 m. Suppose
now the left half (when the plates in vertical position) is filled with dielectric of dielectric

constant 2. Calculate the capacitance of the capacitor.
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Solution: This can be treated as the series combination of two capacitors whose separation

. . cc ,
is half of the total separation. c= = g where C stands for the capacitance of the one

with air and C, stands for the capacitance of the one with dielectric

_gy4d 8.85x10712(0.02)

F=254x10"!! F

Ca=am= " 0012
e, 4 2(8.85x10_12)(0.02) >

(35.4x10_11)(70.8x10_11)

C= F=23.6x10"11 F

35.4x10 1 +70.8x107 11
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Practice Quiz 4.2
Choose the best answer

1. Calculate the equivalent capacitance of the parallel combination of an 8 F capacitor
and a series combination of a 75 F and 16 F capacitors.
A. 1889 F
B. 22.039 F
C.14.168 F
D.11.019 F
E. 15.742 F

2. The parallel combination of a 2 F and a 3F capacitors is connected in series with
a 10 F capacitor. And then the combination is connected to a potential difference
of 30 V. Calculate the charge accumulated by the 70 F capacitor.

A.80 C
B. 100 C
C.90 C
D.130 C
E. 60 C

3. The parallel combination of an 8 F and a 24 F capacitors is connected in series with

a 7 F capacitor. And then the combination is connected to a potential difference
of 45 V. Calculate the potential difference across the 7 F capacitor.
A.51.692V
B. 44.308 V
C.40.615V
D.36.923 V
E. 48V

4. A 5.5 F capacitor is connected to a /4 V battery. Then the capacitor is
disconnected from the battery and connected to another neutral capacitor
(in parallel) of capacitance 13.5 E Calculate the amount of charge transferred to
the 13.5 F capacitor. (Hint: charge will low from the charged capacitor to the new
capacitor until both capacitors have the same potential difference).

A. 38297 C
B. 76.595 C
C.65.653 C
D.60.182 C
E.54.711 C
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5. A(n) 15 V battery is connected to a parallel combination of a series combination
of a(n) 3 F and 74 F capacitors and a series combination of a(n)6 F and 17 F
capacitors. Calculate the charge accumulated by the 3 F capacitor.

A.29.647 C
B. 25.941 C
C.37.059 C
D.51.882 C
E. 40.765 C

6. A(n) 15V battery is connected to a series combination of a parallel combination
of a(n) 5 F and 12 F capacitors and a parallel combination of a(n)” F and a(n) 716
F capacitors. Calculate the charge accumulated by the 5 F capacitor.
A. 56.063 C
B. 38.813 C
C.60.375 C
D.34.5 C
E. 43.125 C

7. Calculate the electrical energy stored by a capacitor that accumulates 0.34 C of
charge when connected to a 710 V battery.
A 1.19]
B.1.87]
C.1.02]
D.1.36]
E.1.7]

8. A parallel plate capacitor of area 7.2¢-4 m* and separation 6./¢-3 m is connected
to an 8.3 V battery. Calculate the electric energy density between the plates.
A. 5.729¢-6 ] / m3
B. 8.185¢-6 ] / m3
C. 6.548¢-6 ] / m3
D.7.366¢-6 ] / m3
E. 491166 ]/ m3
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES CAPACITANCE AND DIELECTRIC

9. A 6.3e-6 F parallel plate capacitor where the plates are separated by a distance of
6.3¢-3 m is connected to a 19 V battery. Then the battery is disconnected from
the battery and the space between the plates is filled with an insulator of dielectric
constant /.3. Calculate the magnitude of the electric field between the plates.

A. 1.547e3 N/C

B.3.016e3 N/ C

C. All of the other choices are incorrect
D.2.32¢3 N/C

E. 3.921e3 N/C

10.A parallel plate capacitor has an area of 8.2¢e-4 m? and a separation of 7.5¢-3 m
separation. The top half and the bottom half of the space between the plates are
filled with insulators of dielectric constants 7.5 and 1.2 respectively. Calculate the

capacitance of the capacitor.
A. 4.568¢-12 F

B. 7.178¢-12 F
C.6.525¢-12 F
D.3.915¢-12 F

E. 5.22¢-12 F
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5 CURRENT AND RESISTANCE

Your goal for this chapter is to learn about current, current density, resistors, Ohm’s Law

and rate of dissipation of electrical energy in a resistor.

Current (I) is defined to be the rate at which charges cross a cross sectional area. If a charge

dQ crosses a cross-sectional area in an infinitesimal time interval dr then current is given as

=%
dt

If the rate of flow is uniform, then current can be evaluated as the ratio of the total charge (Q)

crossing the cross-section to the time interval (AZ) the charge took to cross the cross-section.

2
At

Unit of measurement of current is coulomb/second which is defined to be the Ampere
abbreviated as A. Charges are carried by electrons which are negatively charged. But,

conventionally it is assumed that charges are carried by positive charges.
Example: 1f 10'° electrons cross a cross-sectional area in 1 ms, calculate the average current.

Solution:
N=10"; e=—1.6x10" C; Ar=0.001s;7="?

0=Nle|=101"x1.6x10717 C; 1.6x10™° C

9
_ 9 _1.6x107 A _6x10°6 A

At 1073

ay

Current Density (J ) is defined to be amount of charge that crosses a cross-section per a unit
time per a unit perpendicular area. In other words, its magnitude is defined to be current

that crosses a cross-section per a unit perpendicular area (4, ) .
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The unit of measurement of current density is A/m?*. Current density is a vector quantity.
Its direction is the direction of movement (velocity) of the charges which are assumed to
be positive charges. Current is equal to the product of the magnitude of the current density
and the component of the area of the cross-section in the direction of the current density
(Direction of area is perpendicular to the cross-section in a counterclockwise direction). In
other words current is equal to the dot product between the current density and the area

of the cross-section.
I=J-4 = JAcos(0)

0 and A stand for the angle formed between current density and area and the magnitude
of the area respectively. This expression for the current implies that the current is positive
when it is flowing in a counterclockwise direction and negative when it flows in a clockwise
direction. If the current density is not uniform over the cross-section, then the surface

integral over the cross-section should be used.
I= jj -dA4

Drift Velocity of Electrons

Normally the electrons are randomly colliding with each other. If there is no electric field,
the net velocity of the electrons will be zero. But if there is a net electric field, the electrons
will have a net velocity opposite to the directions of the electric field. This velocity is called
the drift velocity of electrons. Even though the carriers of charges are negative charges
(electrons), conventionally it is assumed that the carriers of charge are positive charges.
Thus the direction of current density is taken to be the direction of movement of positive

charges which is the same as the direction of the electric field.

Consider carriers of charge g crossing a cross-sectional area (A4, ) with a drift velocity v g
Suppose the charges travel a distance Ax in a time interval Az (That is, v, :% .

Let 7 represent the number of charges per unit volume or concentration of charges. Therefore

the total amount of charge that crosses the cross-sectional is in time interval Az is nAx 4 14

(where Ax 4 is the volume of the cylinder of base A and height Ax). That is Q= nAx A q.
. Ax A .
That is :AQ:nA—Lq. But & _, - Hence, the current and the current density are related
t t At

with the drift velocity as follows:

I:nvd ALq
/
=——=nv q
d
AJ_
J=nqv,
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES CURRENT AND RESISTANCE

Example: Aluminum has a density of 2.7 x 103 kg/m3. Aluminum has 3 free (valence) electrons
per atom. If there is a current of 2 A in an aluminum wire of cross-sectional radius of 4

mm, calculate the drift velocity of the electrons.

Solution: The atomic mass of Al is 27 u. This means the gram molecular weight (M, ) of
aluminum is 27 g. In one gram molecular weight of any substance there are Avogadro number
of atoms (N, = 6.02x10%%). Therefore the number of atoms per unit volume is equal to the
ratio between Avogadro number (N,) and the volume of one gram molecular weight (Vg).
And since there are 3 free electrons per atom, the number of electrons per unit volume ()

is three times the number of atoms per unit volume.

3.3 2 3)2 5 2
pAI:2.7><10 kg/m ;I:2A;r:0.004m;Mg=0.027kg; AL:m’ =7Z'(4><10 ) =5x10 " m

M

ng g _ 0.0273 m3=10_5 3
Py 27x10
2
n=3%=% 1/m* =18.06x10%® 1/m’

4
g=ld=1.6x10"1 C
b 2

—6
= = m/s=14x10" m/s
nAJ_q 18.06><1028><5><10_5><1.6><10_19

Va
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Ohm’s Law

Ohm’s law states that the current density and the electric field in metals are directly

proportional.
J=coL

o is a material constant called the conductivity of the material. Since the electric field is
proportional to the potential difference across the material (resistor) and the current through
the resistor is proportional to the current density, another way of stating Ohm’s Law is that
the potential difference across a resistor is proportional to the current lowing through the
resistor. 'The constant of proportionality between the potential difference and the current is

called the resistance (R) of the resistor.
AV =1IR

The unit of measurement for resistance is V/A which is defined to be the Ohm abbreviated

as Q. The circuit symbol for a resistor is

—\W—

Figure 8.1

Resistance of a Wire of Length 1 and Cross Sectional Area A
If AV is the potential difference across the ends of the wire, then AV = E¢ where E is the

electric field in the wire. And if 7 is the current in the wire, then [ =JA4 where J stands for
the current density in the wire. Therefore the resistance of the wire (R, ) may be expressed in

terms of field strength and current density as g :A_[V _£? And since J = E, it follows that

JA
RoLt
o A

The inverse of the conductivity is defined to be the resistivity ( o= lj of the material and
o)

l
R, =p—
,
A
The resistance of a wire is directly proportional to the length of the wire and inversely
proportional to the cross-sectional area of the wire. The unit of measurement for resistivity

is Qm.
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Example: Find an expression for the resistance of a coaxial cable of inner radius 2 and outer
radius &. The resistance of the material is p. The length of the wire is L. Assume the current

is lowing radially outwards.

Solution: Consider a cylindrical shell of radius » (2 < » < &) of thickness dr. Then for a
radial current the cross-sectional area is the surface area of the shell which is equal to 27rL

and the length of the shell in the radial directions is dr. Therefore the resistance (4R) of

the shell of thickness dr is given by dR= 2p 9 and the total resistance (R) is obtained by
mLr
r=b J
integrating from a to b: R = par _ P (2)
srE K j 27Lr ~ 22L "\a
r=a

Dependence of Resistivity on Temperature

The change in resistivity (Ap) of a material due to the change in temperature (AT) is

directly proportional to the change in temperature and to the initial resistivity (/00).
Ap = ap,, AT

« is a material constant called temperature coefficient of temperature. Its unit of measurement

is 1/°C. If the value of the resistivity at a particular temperature is desired the above equation

can be simplified as follows: Ap:p—po =a p, (T—TO) and

P=P [H“ (T_Toﬂ

Example: Silver has a resistivity of 1.59x10"30m at a temperature of 20°C. Its temperature
coefficient is 3.8x107> 1/°C. Calculate its resistivity at a temperature of 120°C.

Solution:
0, =1.59%x1078 Qm; T, =20°C; T =120°C; or =3.8x107> 1/°C; p=2
p=p, [l+a (r-7, )J=1.59><10_8 [1+3.8x10_3 (120—20)} Om =2.862x10" Om

Example: By how much would the resistivity of a silver wire change when its temperature
changes by 200°C (Assume initial temp to be 20°C).

Solution:

2, =1.59x1078 Om; AT =200°C; or =3.8x107> 1/°C; Ap =2

Ap=apyAT =(3.8x1072)(1.59x107)(200) @m=12x107 Qm
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES CURRENT AND RESISTANCE

Practice Quiz 5.1
Choose the best answer

1. The SI unit of measurement for resistivity of a material is
A. 1/ (degree Centigrade)
B. Ohm * meter
C.Ohm
D.Ohm / meter
E. Volt/ meter

2. Which of the following is a correct statement?
A. The resistance of a wire is directly proportional to the length of the wire
B. Ohm’s law states that the current density in a conductor is inversely proportional
to the electric field it is subjected to.
C. Current is measured by a device called electroscope.
D.The resistance of a wire is directly proportional to the cross-sectional area of
the wire.

E. A resistor is a device that converts non-electrical energy to electrical energy.
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3. If 0.432 C of charge crosses a cross-sectional area of a wire in 0.53 seconds, calculate
the average current flowing through the wire.
A.4.075 A
B.3.26 A
C.081I5A
D.1.223 A
E. 0.652 A

4. Calculate the current flowing in a copper wire of cross-sectional radius 5.6e-3
m if the free electrons are moving with a drift velocity of 5.6e-6 m /s. (Gram
molecular weight and density of copper are 63.5 g and 8950 kg/ m® respectively.
There are Avogadro’s number of atoms (6.02¢23) in one gram molecular weight of
any substance. The charge of an electron is 1.6e-19 C).

A. 8239 A
B. 8988 A
C.4.494 A
D.7.49 A

E. 5243 A

5. If the amount of charge that crosses a cross section of a silver wire of radius 1.7¢-3
m per a unit time is 8.3e-3 A, calculate the electric field responsible for the flow
of charge. Resistivity of silver is 7.59e-8 () m. Assume a complete circuit.
A.10.175¢-6 N/ C
B. 15.989¢-6 N/ C
C. 17.443¢-6 N/ C
D.14.535¢-6 N/ C
E. 8721e-6 N/C

6. Calculate the potential difference across a 13 Q resistor when a current of 1.8 A
flows through it.
A.93.6 V
B. 1872V
C.14.04 V
D.23.4V
E. 351V
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7.An 185 m long silver wire has a resistance of 0.003 Q. Calculate its
cross-sectional area. (Silver has a resistivity of 7.59¢-8 Q2 m.)
A. 0.686¢-4 m?
B. 1.079¢-4 m~?
C.1.373¢-4 m~
D.0.981¢-4 m*?
E. 0.784¢-4 m?

8. Calculate the resistance of spherical copper shell of inner radius 0.0/ m and outer
radius 0.06 m. Assume the current is flowing radially outward from the inner
surface to the outer surface. The resistivity of copper is 1.7e-8 { m.

A. 10.146¢-8 Q
B. 11.273¢-8 ()
C. 15.783¢-8 Q)
D.14.656¢-8 Q)
E. 13.528¢-8 Q)

9. The two ends of a nichrome wire of length /4.5 m and cross-sectional radius
0.00175 m are connected to the terminals of a 5 V battery. Calculate the current
flowing through the wire. (Nichrome has a resistivity of 7150e-8 Q m.)

A 2875 A
B. 1.769 A
C.1.327 A
D.2.433 A
E.2212A

10.Lead has a resistivity of 22¢-8 2 m at a temperature of 20 °C. Calculate its
resistivity at a temperature of 750 °C. (Lead has resistivity temperature coeflicient
of 3.9¢-3/°C.)
A. 19.892¢-8 O m
B. 33.154e-8 Q m
C.36.469¢-8 Q2 m
D.23.208e-8 (2 m
E. 26.523¢-8 (O m
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES CURRENT AND RESISTANCE

11.A certain sample of lead is at a temperature of 20 °C. (Lead has a resistivity of
22¢-8 Q2 m at a temperature of 20 °C.) By how much would its resistivity change,
when its temperature changes by 70 °C. (Lead has resistivity temperature coefficient
of 3.9¢-3/°C.)

A. 3.604¢e-8 2 m
B. 4.204¢-8 O m
C. 6.006e-8 (2 m
D.7.207¢-8 O m
E. 5.405¢-8 O m

Dependence of Resistance on Temperature

pt
A

for a given ¢ &Aj, the same proportionality
as resistivity applies. That is, change in resistance (AR) of a resistor is directly proportional

Since resistance is proportional to resistivity (R =

to change in temperature and to the initial resistance (R,):

AR:ROa AT

Also, since AR=R—R0 =R00£(T—T0)

R=R, [1+a’(T—TO)]
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Example: A silver wire (resistivity 1.59x 10 Qmand temperature coefhicient of 3.8 1073 1/°C
at 20°C) has a length of 10 m and a cross-sectional radius of 2 mm. Calculate the current

flowing through it when it is connected to a 0.5 V battery at a temperature of 120°C.
Solution:

p, =1.59x107" Qm; £ =10 m; 7 =0.002 m; & =3.8x107> 1/°C; R,y =?

21
2 3\ > 6 2
A=nr :72(2><1() ) m- =12.56x10 " m

py ¢ [1:59x1078)(10)
- — Q=00120
12.56x10

_AV __05 _
20_R20 0.012A 41.7 A

_ 1720
Rzo_ A

1

_ - 3 (120 _
Ripg =Ry [1+(Tyy =Ty )| =0.012[ 14381073 (120-20) | 2= 0.0166 ©

J =AY __05 A_3017A

120 R120 0.0166

Electrical Power and Energy

Electrical power (P) dissipated in a resistor is defined to be equal to the rate of conversion
of electrical energy to non-electrical energy in the resistor. If AU is the amount of electrical
energy converted to non-electrical energy in a time interval Af, then the electrical power

dissipated in a resistor is given as

_av
At

P

Unit of measurement of power J/s which is defined to be the Watt abbreviated as W. If a

charge ¢ is displaced through a potential difference AV, then AU =gAV and p= qi_V But Ait
!

is current. Therefore, the power can be written in terms of current and potential difference as
P=IAV

Power dissipated in a resistor is equal to the product of the current through the resistor
and the potential difference across the resistor. Also substituting for AV from AV =RI
=AYV

or substituting for / from , the following alternate expressions for the power can

be obtained.

2
pP=r*r=2"
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Example: A 10 Q resistor is connected to a 6V battery.
a) Calculate the power dissipated in the resistor.
Solution:
R=10Q AV =6 V; P=?
P= ATlfz = % W=36W
b) Calculate the energy dissipated in the resistor in 0.2 seconds.
Solution:
At=2s; AU="?
AU =PA1=(3.6)(0.2) J=0.721]
c¢) Calculate the current flowing through it.
Solution:
1=?
1=8L =8 A-06A
Example: When a 100 watt lamp is connected to a certain potential difference, a current

of 2 A flows across it.
a) Calculate the potential difference.

Solution:
P=100W; =2 A; AV =?

P _100
A = —= — =
|4 7 2 V=50V
b) Calculate its resistance.
Solution:

R=?

AV _ 50
R=AL_V n-250
I 2 .
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The kilo-Watt-hour is a unit of energy defined to be equal to the amount of energy dissipated
by 1 kW device when used for one hour. Therefore

kWh = (1000 W)(3600 s)=3.6x10° J

Example: 1f electrical energy costs 10 cents per kilo Watt hour, how much would it cost to

run a 100 W lamp for 30 days at 5 hours per day?

Solution:

P=100 W =0.1 kW; At =30x5 hr =150 hr; price =10 cents/kwh; cost =?
AU = PAt =0.1x150 kWh =15 kWh

cost = (AU )(price) =15x10 cents =150 cents =$1.5
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Practice Quiz 5.2
Choose the best answer

1. Which of the following is a correct statement?
A. Change in the resistance of a resistor is inversely proportional to the change in
its temperature.
B. Change in the resistance of a resistor is inversely proportional to its initial
resistance.
C. Change in the resistance of a resistor is inversely proportional to its temperature.
D.Change in the resistance of a resistor is directly proportional to its temperature.

E. Kilo Watt Hour (kWh) is a unit of measurement of energy.

2. Covert 8.5 ] to kWh.
A. 1.417e-6 kWh
B. 2.597¢-6 kWh
C. 1.653e-6 kWh
D.2.361e-6 kWh
E. 1.889¢-6 kWh

3. A resistor made of silver has a resistance of 95 QO at a temperature of 20 °C. To
what temperature should it be heated if its resistance is to increase to 109 Q. (Silver
has a resistivity temperature coefficient of 3.8e-3/°C.)

A. 47.025 °C
B. 58.781 °C
C.41.147 °C
D.52.903 °C
E. 82.294 °C

4. A resistor made of silver has a resistance of 93 Q at a temperature of 20 °C. By

how much should its temperature change if its resistance is to increase by 6%.
(Silver has a resistivity temperature coefficient of 3.8¢-3/°C.
A. 20.526 °C
B. 15.789 °C
C.18.947 °C
D.14.211 °C
E. 9474 °C
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5. The ends of a lead wire of length 75.3 m and cross-sectional radius 0.004 m are

connected to a 0.13 V battery at a temperature of /00 °C. Calculate the current
flowing through the wire. (Lead has a resistivity of 22¢-8 O m at 20 °C and a
resistivity temperature coeflicient of 3.9¢-3/°C.)
A. 1.924 A
B. 1.332 A
C.1.184 A
D.2.072 A
E. 1.48 A

6. A resistor made of lead has a resistance of 80 Q at a temperature of 20 °C. The
resistor is heated to a temperature of 700 °C and then connected to a /9 V battery.
Calculate the current flowing through the resistor. (Lead has resistivity temperature
coefficient of 3.9¢-3/°C.)

A.0.181 A
B. 0.253 A
C.0.145 A
D.0.163 A
E. 0.235 A

7. When a certain resistor is connected to a /8.1 V battery, a current of 1.25 A flows
through it. Calculate the rate at which energy is dissipated in the resistor.
A. 29413 W
B. 24.888 W
C.13.575 W
D.22.625W
E.27.15W

8. The rate of dissipation of energy in a resistor connected to a 170 V battery is
100.5 W. Calculate the current through the resistor.
A. 0914 A
B. 0.64 A
C.1.279 A
D.1.005 A
E.0.731 A
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES CURRENT AND RESISTANCE

9. A 12.3 Q resistor is connected to a 8 V battery. Calculate the amount of energy
dissipated in the resistor in 6 hours.
A. 8.991e4 ]
B. 14.611e¢4 ]
C.15.735¢4 ]
D.11.2394 ]
E. 10.115¢4 ]

10.A current of 2.5 A flows through a 75.3 Q) resistor connected to a battery. If
electricity costs ¢12 per kilo Watt hour, how much would it cost to run this resistor
for 800 hours.

A. ¢826.2
B. ¢642.6
C. ¢1285.2
D.¢918

E. ¢1101.6
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6 DIRECT CURRENT CIRCUITS

Your goal for this chapter is to learn about electromotive force, properties of combination

of resistors and Kirchoffs rules.

Your goals for this chapter are to learn about electromotive force, combination of resistors
and Kirchoff’s rules.

There are two types of circuits. They are direct current (dc) circuits and alternating current
(ac) circuits. A dc circuit is a circuit where the current or the voltage are constant in time.
An ac circuit is a circuit where the voltage or the current vary with time typically like a

sine or a cosine.

Electromotive Force of a Source

A source is a device that converts non electrical energy to electrical energy. Examples are a
battery and a hydroelectric generator. A battery converts chemical energy to electrical energy.
A hydroelectric generator converts mechanical energy to electrical energy. The following
diagram shows the circuit symbol for a dc source. The longer line represents the positive

terminal and the shorter line represents the negative terminal.

Figure 9.1

The amount of work done per a unit charge by a source in transporting a charge from one of

its terminals to the other is called the electromotive force (abbreviated as emf) of the source.
E=W/q

Where E is the emf (in the following chapters the symbol € will be used for emf instead of
E) of a source and W is work done by a source in transporting a charge g from one of its
terminals to the other. The unit of measurement for emf of a source is the Volt. Any source
has its own internal resistance. The potential difference between the terminals of a source is
less than the emf of the source, because some of its emf is dropped across its own internal
resistance. If a current / is flowing across a source, the potential difference across its own
resistance 7 is equal to /7. Hence the potential difference (AV)) across the terminal of a source is

equal to the difference between its emf and the potential drop across its own internal resistance.

AV =E-Ir
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If a source is connected to an external resistance R, the potential difference across the external
resistance (/R) is equal to the potential difference across the terminals of the source; that is
AV = E — Ir = IR. And solving for the current

I=E/(R+7)

Example: A battery of emf 20 V and internal resistance 2 Q is connected to an external

resistance of 48 Q)
a) Calculate the current in the circuit.
Solution: E=20V;r=2Q; R=48Q; =2
I=E/(R+7r)=20/(48+2)A=04A
b) Calculate the potential difference across the terminal of the battery.
Solution: AV =2 AV
AV =E-1Ir=(20- 04%2)V = 192V
c) Calculate the potential drop across the external resistance.
Solution: AV, =?

AV, = IR = 0.4 % 48 = 19.2V

AV, = AV = 192V

Power of a source

The power of a source (P) is the rate at which the source is converting non-electrical
energy to electrical energy. In other words, it is the rate of doing work by the source in
transporting charges from one of the terminals to the other; that is 2 = W /# and since
W = Eq, P = E(q/t). But q/t = I 'Therefore the power of a source is equal to the product

of its emf and the current across it.

P =EI

s
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The power delivered to the external resistance (P,) is less than the power of the source
because some of the power is dissipated in its own internal resistance. Power dissipated in
its internal resistance is equal to /?r. The power delivered to the external resistance is also
equal to the power dissipated in the external resistance (/°R).
P,=El-I°r=1I°R
Example: A battery of emf 6 V and internal resistance 5 €2 is connected to resistance of 75 Q.
a) Calculate the current in the circuit.
Solutionn E=6V;r=5Q; R=115Q; ="
I=E/R+7r)=6/(115+5)Q=0.05Q
b) Calculate the power of the source.

Solution: P =2

P=El=6%005W=03W
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c) Calculate the power delivered to the external circuit.
Solution: P, = ?
P,=El-I’r=(6%0.05-0.05"%5 W=02875W
d) Calculate the power dissipated in the external resistance.

Solution: The power dissipated in the external resistance is equal to the power delivered
by the source to the external resistance which is 0.2875 W. Or

P,=1°R=0.05°*115W = 0.2875W

Combination of Resistors

An equivalent resistance (qu) of a combination of resistors is defined to be the single resistor
that can replace the combination without changing the current and potential difference
across the combination. It is equal to the ratio between the total potential difference across

the combination (AV) and the total current (/) across the combination.

R =AV/I

eq

Series Combination of Resistors

Series combination of resistors is combination where the resistors are connected in a single

line. The following diagram shows series combination of three resistors.

—AM—W—WA—

Figure 9.2

Let’s consider resistors R, R, R, ... connected in series. Since they are connected in a
single line, the currents through all of them are the same and are equal to the total current

across the combination.

[=1=1-=1-=..
Where 7, I,, I, ... are currents across resistors R,, R, R, ... respectively. / is the total

current across the combination. The total potential difference across the combination is

equal to the sum of the potential differences across the individual resistors.

AV = AV, + AV, + AV + ...

1
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AV, AV, AV, ... are potential differences across resistors R, R, Rj, ... respectively. AV is
the total potential difference across the combination. Replacing each potential difference in
this equation by the product of the corresponding current and resistance and noting that
all the currents are equal, the following expression for the equivalent resistance of a series

combination can be obtained.
R =R]+R2+R3+...

eq

Example: A 5 Q and a 15 Q) resistors are connected in series and the connected to a potential

difference of 40 V.
a) Calculate their equivalent resistance.
Solution: R =5Q;R =15€; Req =?
R =R +R=(5+15Q=200

b) Calculate the currents across each resistor.
Solution: AV =40V; I, =51, =2
I,=1,=1=AV/R = 40/20A =2 A
c) Calculate the potential differences across each resistor.
Solution: AV, =2 AV, =2
AV, =1 R =2*5V =10V
AV, =R =2% 15V =30V

Parallel Combination of Resistors

Parallel Combination of Resistors is branched combination where the resistors share the same

terminals on both sides. The following diagram shows parallel combination of three resistors.
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ANA—
AN
— AAA—

Figure 9.3

The potential differences across resistors combined in parallel are equal and are equal to
the total potential difference across the combination because the resistors share the same

terminal on both sides.

AV = AV, + AV, + AV, + ...

1

AV, AV, AV, ... are potential differences across resistors R, R, Rj, ... respectively. AV is
the total potential difference across the combination. The total current across the combination

is equal to the sum of the currents across the individual resistors.

]=11+[2+]3+...
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1,1, [3, ... are currents across resistors R, R, R3, ... respectively. 7 is the total current
across the combination. Replacing each current in this equation by the corresponding
ratio between the corresponding potential difference and resistance and noting that all the
potential differences are equal, the following expression for the equivalent resistance of

resistors combined in parallel can be obtained.
I1/R =1/R +1/R, +1/R +...
q eq 3
If there are two resistors only, this expression can be simplified by direct addition:
]/Req = (R, + R)/(R, R,). And an expression for the equivalent resistance of two resistors
in parallel is obtained by inverting this equation.
R =R R/(R +R)

eq

Example: A 6 € and an 8 Q resistors are connected in parallel and then connected to a

potential difference of 16 V.
a) Calculate their equivalent resistance.
Solution: R, = 6; R, = 8 & R, =2
R,=R R/(R +R)=6+8/(6+8Q=34Q

b) Calculate the potential difference across each resistor.
Solution: AV = 16 V; AV, =2 AV, =2
AV, = AV, = AV =16V
c) Calculate the current across each resistor.
Solution: I, =2 I, =?
I, =AV, /R =16/6A=27A

I,=AV,/R = 16/8A=2A
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Parallel-Series Combination

When a combination involves a number of series and parallel combinations, the problem
can be dealt with by replacing each parallel or series combination by its equivalent resistance
and repeating the process as necessary.
Example Calculate the equivalent resistance of a 710 Q, a 20 Q, a 30 Q and a 40 Q resistors

a) When they are connected in series.

Solution: R =10QR,=20Q; =30 R, = 40 Q; Req =7
R€q=R1+R2+R3+R4=(]0+20+30+40)Q=IOOQ
b) When they are connected in parallel.

Solution: Re,, =2

]/R“] =1/R +1/R,+ 1/R + 1/R, = (1/10+1/20+ 1/30 + 1/40)1/Q)
=0211/Q

R, =1/021Q=48Q

c) when the parallel combination of the 70, 20 and 30 Q is connected in series with
the 40 Q resistor.

Solution: First the equivalent resistance of the resistors in parallel (R, , ) should be obtained.

Then this equivalent resistance should be combined in series with the 40 Q resistor.
R =2
o
I/R,,=1/R +1/R,+ 1/R = (1/10+ 1/20 + 1/30) 1/Q = 0.18 1/Q

R, =1/018Q=56Q

qu =R ,,+R =056+4)Q=96Q
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d) when a parallel combination of the 70 and 20 Q resistors is connected in series
with a parallel combination of the 30 and 40 Q resistors.

Solution: First the equivalent resistances of the parallel combinations (R, ,and R, ). Then

these equivalent resistances should be combined in series.
=
R,=R R/(R +R)=10%20/(10+20)Q=67Q
R,=RR/(R +R)=30%40/(30+40)Q =770

R =R, +R,=(67+77)Q=144Q

Example: A parallel combination of of a 5 and 75 ohm resistors is connected in series with

a 20 ohm resistor. Then the combination is connected to a potential difference of 30 V.
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a) Calculate the equivalent resistance of the combination.

Solution: First the equivalent resistance of the parallel combination (R, ) should be

obtained; and then this resistance should be combined in series with the other resistor.
R =5 R = ISR =200 R =2
R,=RR/(R +R)=5%15/(5+15)Q=375Q
R =R, +R =(375+20)Q=2375Q
b) Calculate the current and potential difference across the 20 Q resistor.

Solution: Since the 20 ohm resistor is in series with R _, the current across the 20 ohm

.2
resistor should be equal to the total current.

AV =30V; [, =2 AV, =2
L=1,=1-< AV/Req =30/23.75A=13A
AV, =R = 13%20V = 26V
c) Calculate the currents and potential differences across the 5 and 75 ohm resistors.

Solution: Since they are connected in parallel their potential differences are to the potential

difference across R, ,. And since R, , and R, are in series, AV, + AV, , = AV.
AV, =% AV, =51 =51 =2

AV, = AV, = AV, = AV—AV, = (30-26)V = 4V

[ =AV,/R =4/5A=08A

[=AV,/R, =4/I5A =027 A
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Practice Quiz 6.1
Choose the best answer

1. Which of the following is a correct statement?

A. Emf of a source is defined to be the rate of conversion of electrical energy to
non-electrical energy of the source.

B. A source is a device that converts electrical energy to non-electrical energy.

C. The rate of dissipation of electrical energy in a resistor connected to a battery is
always equal to the rate of production of electrical energy in the battery.

D.A capacitor is an example of a source.

E. The potential difference across the terminals of a battery is equal to the difference
between the emf of the battery and the potential drop across the internal resistance

of the battery.

2. Which of the following statements is correct?
A. The potential differences across resistors connected in series are equal.
B. The total current across resistors connected in series is equal to the sum of the
currents across the resistors.
C. The currents across resistors connected in parallel are equal.
D.The total potential difference across resistors connected in parallel is equal to
the sum of the potential differences across the resistors.

E. The currents across resistors COHHCCth in series are equal.

3. A battery of emf 20 V and internal resistance 6 Ohm is connected to an external
resistance of 60 Ohm. Calculate the current in the circuit.
A. 0303 A
B.0.273 A
C.0182 A
D.0.364 A
E. 0394 A

4. When a battery of internal resistance 3 Ohm is connected to an external resistance,
a current of 0.85 A flows in the circuit. If the potential difference between the
terminals of the battery is measured to be 17.8 V, calculate the emf of the battery.
A. 1221V
B.20.35V
C. 18315V
D.24.42V
E. 14245V
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5. A battery of emf /8 V and internal resistance 7 Ohm is connected to an external
resistance of 55 Ohm. Calculate rate of dissipation of electrical energy in the
external resistor.

A. 649 W

B. 4.636 W
C.6.027 W
D.4172\W
E. 5563 W

6. When a battery of internal resistance 4 Ohm is connected to an external resistance
of 79 Ohm, a current of 0.95 A flows in the circuit. Calculate the rate of production
of electrical energy in the battery.

A. 26.985 W
B. 22.833 W
C.29.06 W

D.20.758 W
E. 16.606 W
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7.

Calculate the equivalent resistance of a parallel combination of a(n) 5 Ohm, a(n)
3 Ohm and a(n) /6 Ohm resistor.

A. 2.014 Ohm

B. 1.007 Ohm

C.2.182 Ohm

D.1.678 Ohm

E. 1.51 Ohm

. Calculate the equivalent resistance of the series combination of a(n) 5 Ohm resistor

and a parallel combination of a(n) 6 Ohm and a(n) 7 Ohm resistors.
A. 8.231 Ohm

B. 4.938 Ohm

C. 9.054 Ohm

D.70.7 Ohm

E. 9.877 Ohm

. A(n) 20 Ohm and a(n) 77 Ohm resistors are connected in parallel and then connected

to a 16 V battery. Calculate the potential difference across the 20 Ohm resistor.
A. 12V
B. 19V
C.17V
D.16V
E. 14V

10.A(n) 20 Ohm and a(n) /7 Ohm resistors are connected in parallel and then

11

connected to a(n) 7V battery. Calculate the current through the 20 Ohm resistor.
A.0.35A

B. 0315 A

C.0245 A

D.0.28 A

E. 0.49 A

.A(n) 18 Ohm and a(n) /7 Ohm resistors are connected in series and then connected

to a(n) 74 V battery. Calculate the current through the /8 Ohm resistor.
A. 028 A

B. 0.56 A

C.0.44 A

D.0.48 A

E.04A
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12.A(n) 18 Ohm and a(n) 27 Ohm resistors are connected in series and then connected
to a 15 V battery. Calculate the potential difference across the 78 Ohm resistor.

A. 5538V
B. 9.692V
C.6.923V
D.9V

E. 7615V

13.The parallel combination of a(n) 2 Ohm and a 75 Ohm resistors is connected in
series with a(n) 73 Ohm resistor. And then the combination is connected to a
potential difference of 45 V. Calculate the current through the 73 Ohm resistor.
A.4.267 A
B. 3.048 A
C.3.962 A
D.2.743 A
E. 2438 A

14.The parallel combination of a(n) 23 Ohm and a 27 Ohm resistors is connected
in series with a(n) 28 Ohm resistor. And then the combination is connected to a
potential difference of 45 V. Calculate the potential difference across the 28 Ohm
resistor.
A. 28.055V
B.21.821V
C.37.407 V
D.18.704 V
E.31.173V

Kirchoffs Rules

Kirchoff’s rules are rules used to solve complex circuits. There are two of them. They are

known as the junction rule and the loop rule.
Kirchoff’s junction rule states that the sum of all the currents in a junction is zero.
XI=1 1«1 ..=0
A junction is a point in a circuit where two or more wires meet. Currents headed towards

the junction are taken to be positive whereas currents going away from the junction are

taken to be negative.
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Kirchoffs loop rule states that the sum of all potential differences in a loop is zero.

SAV=AV, + AV, + AV, + ... = 0
In going around a loop, to apply the loop rule a transversing direction (clockwise or
counter clockwise) should be chosen. The potential difference across the terminals of a
battery is taken to be positive if the battery is transversed from its negative to its positive
terminal and negative if transversed from its positive terminal to its negative terminal. The
potential difference across the terminals of a resistor is taken to be negative if the resistor
is transversed in the direction of the current and positive if transversed opposite to the

direction of the current.
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Applying KirchofP’s Rules

In applying Kirchoff’s rules, the following procedures may be followed.

1. For each wire in the circuit, assign a variable to the current and choose a direction
for the current arbitrarily. If after solving the problem a current turns out to be
positive, the actual direction of the current is the same as the chosen direction;
and if the current turns out to be negative, the actual direction of the current is
opposite to the chosen direction.

2. Assign transversing direction to each simple loop in the circuit. A simple loop is
a non-intersecting loop or a loop that is not divided into more loops. This is the
direction to be followed while applying Kirchoff’s loop rule.

3. If there are 7 junctions in a circuit, apply the Kirchoff’s junction rule only to 7 —
1 of them, because the #” junction will not result in an independent equation.
Current variables should be treated as positives. Negatives should be introduced
outside the variable. For example if a current / is going away from a junction, in
applying the junction rule, it should appear as -1.

4. Apply the loop rule to all the simple loops of the circuit. A starting point should be
chosen for each simple loop and the loop should be transversed in the direction of
the chosen transversing direction to add all the potential differences in the simple
loop. Variables for unknown emfs should be treated as positives. Negatives should
be introduced outside the variable. For example if the unknown emf is represented
by E and the battery is transversed from its positive to its negative terminal, in
applying the loop rule, it should appear as -E.

5. Solve the resulting system of linear equations.

Example: Consider the circuit shown below. Resistors A and C have resistances of 20 and
60 ohm respectively. Batteries B and D have emfs of 8 and 4 V respectively. Determine the

value and the direction of the current in the circuit.

Figure 9.4
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Solution: 'The circuit has only one simple loop and one wire. Thus the circuit has only one
current. First an arbitrary direction for the current and a transversing direction should be
chosen. These arbitrary directions are already indicated in the circuit above. This circuit
does not have a junction and thus no need to apply the junction rule. Only the loop rule
need to be applied. The potential differences across both resistors should be taken to be
positive because they are being transverse opposite to the direction of the current. The
potential difference across the terminals of battery B should be taken to be positive because
the battery is being transversed from its negative to its positive terminal. The potential
difference across the terminals of battery D should be taken to be negative because the
battery is being transversed from its positive to its negative terminal. Let the starting point
be the lower right corner of the circuit.

R, =200 R. =60 E, =8 V; E, =4V; [ =2

g
SAV=AV, + AV, + AV, + ... = 0
IR.—E, +IR, +E, =0
160 Q) —4V + 120Q) + 8V =0
1(80Q) = 4V

I=-4/80A=-0.05A

Since the current turned out to be negative the actual direction should be opposite to the

assigned direction (clockwise). The actual direction of the current is counter clockwise.

Example: Consider the circuit shown below. Resistors A, C and D have resistances of 10,
20 and 30 ohm respectively. Batteries B, E and F have emfs of 6, 12 and 20 V. Calculate

all the currents in the circuit.

E

S,

B

Figure 9.5
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Solution: The circuit has two simple loops (loops ABCEA and CDFC) and two junctions.
Thus the loop rule should be applied to both simple loops and the junction rule should
be applied to one of the junctions. The circuit has three different wires marked as
1, 2 and 3. Thus there are three different currents (/,, 7, and 7)) in the circuit. The arbitrary
directions of the currents and the arbitrary transversing directions of the simple loops are

already indicated in the circuit.
R, =10Q;R. =20 R, =30 E, = 6V, 0,=12V; E, =20V; [, =51, =%1=2
The junction rule should be applied to one of the junctions say the upper junction. 7,

should be taken to be positive because it is directed towards the junction. 7, and 7, should

be multiplied by -7 because they are directed away from the junction.

L —-1,-1,=0
L=1—1....(

In the equations to follow 7, will be replaced by 7, — 7, to get two equations in two variables.

~
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Next the loop rule should be applied to one of the simple loops, say the simple loop on
the left (loop ABCEA). The potential differences across resistors A and C should be taken
to be positive because the resistors are being transversed opposite to the directions of the
assigned currents. The potential difference across the terminals of battery B should be taken
to be positive because it is being transversed from its negative to its positive terminal. The
potential difference across the terminals of battery E should be taken to be negative because
it is being transversed from its positive to its negative terminal. Starting at the left lower

corner of the circuit

E,+ LR ~E,+R =0

6V+1,(20Q) 12V +1, (10Q) =0

101, + 201, = G A

I,=(6A-101)/20=03A-05I, ... (2
Next the loop rule should be applied to the second simple loop (loop CDFC). The potential
difference across resistor D is taken to be negative because it is being transversed in the
direction of the current. The potential difference across resistor C is taken to be positive
because it is being transversed opposite to the direction of the current. The potential difference

between the terminals of battery F is taken to be negative because it is being transversed

from its positive to its negative terminal. Starting from the lower right corner
ILR.-20V -1 R =0
L20Q)-20V ~1,(30Q) =0
201, - 301, = 20 A
Substituting for 7, from equation (1) ([, = I, - 1)
201,- 301 - I) = 20 A

-301, + 501, = 20 A
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Substituting for 7, from equation (2) (/, = 0.3 A — 0.51)
301, + 50(0.3 A - 0.51) = 20 A
551 =5A
I, =-5/55A=-0.09A

The negative sign indicates that the direction of 7 , is opposite to the chosen direction.

Current /, can be obtained from equation (2).
I,=03A-05I=(03-05%-009A=0345A

Since the current is positive, the direction of 7  is the same as the assigned direction. 7 , can

be obtained from equation (7).
[ =1 -1 =(-0.09-0345 A = -0.435 A
The direction of 7, is opposite to the assigned direction because it is negative.

Example: Consider Figure 4 again. Resistors A and C have resistances of 5 and 75 ohm.
Battery B has an emf of 6 V. There is a current of 2 A in the circuit in the indicated

direction (clockwise). Calculate the emf of battery D.

Solution: The unknown emf can be solved by applying the loop rule. The polarity of the
unknown emf (the order of its negative and positive terminals) is also unknown. The
unknown emf can be assigned an arbitrary polarity. If, after solving the problem, the emf
turns out to be positive, then the actual polarity is the same as the chosen polarity; and
if it turns out to be negative, the actual polarity is opposite to the chosen polarity. In the
diagram, an arbitrary polarity has already been assigned to the unknown emf. The potential
differences across both resistors are positive because they are being transversed opposite to the
direction of the current. The potential difference across battery B should be positive because
it is being transversed from its negative to its positive terminal. The potential difference
across battery D should be negative because it is being transversed from its positive to its

negative terminal.

[=2A;RA=5Q;RC=15Q;EB=6V;ED=?
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Starting at the lower left corner
E,+IR ~E, +IR, =0
6V+2*%I5V-E +2*%5V=0
E, =46V
Since E, turned out to be positive, its actual polarity is the same as the chosen polarity.

A battery connected to a series combination of a resistor and a capacitor

Consider a battery of emf & connected to a series combination of a resistor of resistance R

and a capacitor of capacitance C. Applying Kirchhoff’s loop rule to this simple loop

_4 _p_
gCIRO
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g stands for the instantaneous charge of the capacitor. But 7 = % Therefore g—%—%R =0

and rearranging the equation becomes

dg . 1 & _
T rc? Y

This differential equation can be integrated using the method of substitution: %:%_RLC(]
dq
which implies ¢ _ 1,
R RC

q(1) dq !

can be integrated as | 7 | —Idf =!. This integral can be integrated by the method of
0 5~ 5H~q9 o0
R RC

=dt A . . . .
. The initial charge on the capacitor is zero. Thus this equation

substitution. Let u= % —é% Then u(t=0)= % and dq=-RCdu and the integral becomes

&

i1, &__1 1
© 8 du q — .
-RC [ Z==-RCIn RfRC =t. Therefore ¢—9_ c¢ ®¢" and rearranging
. u
A A c
R R

1
RC

1y,
q(1)=¢C|1-e RC

As the time approaches infinity, the charge approaches the value £C which is the maximum
charge accumulated by the capacitor. The current in the circuit as a function of time can

be obtained by taking the derivative of the charge with respect to time.

1y
I(1)= %e RC

. . L1 &
The current has its maximum value at #=0 which is equal to = The current goes to zero
as time approaches infinity. The expression = 1S called the time constant of the circuit.
It determines how fast the capacitor reaches it maximum charge or how fast the current

gocs to zero.

A Charged Capacitor connected to a Resistor

Consider a capacitor of capacitance C and charge O, connected to a resistor of resistance

R. Using Kirchhoff’s rules and transversing in the direction of the current as shown.
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Applying Kirchhoff’s rules the equation —%—[R =0 can be obtained. Replacing / by %
t

and rearranging the equation % =—%dt can be obtained. The charge as a function of
ﬂl(f) t

time can be obtained by integrating this equation: J' dg _ 1 di ———L_. This implies that
o 4 RCy RC

[ij = —L. Therefore the charge varies as a function of time as

&) ¢
1y

1

As time approaches infinity, the charge in the capacitor approaches zero. The expression 2~

is called the time constant of the circuit. It determines how fast the charge goes to zero.

The current as a function of time is obtained by taking the derivative of the charge.

QO _Lt
I(I)Z—R—Ce RC
9
9 _é:% where AV is

The current has its maximum value at #=0 which is equal to -7

the initial potential difference across the capacitor or resistor. The current approaches zero

as the time approaches infinity.

Example: A5 mF capacitor is connected to a 10V battery. Then it is disconnected from the
battery and then connect to a 2 kQ resistor. How long would the capacitor to lose half of

its charge.
Solution:
C=5x10" F; R=2x10° Q) q:%; t="?

L
a(1)=0ye 7' -

t=RCIn(2)=2x10’x5x10"1n(2) s=6.93s
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Practice Quiz 6.2
Choose the best answer

1. Which of the following is a correct statement?
A. The sum of all currents at a junction of a circuit may or may not be equal to zero
B. The sum of all potential differences in a complete loop is equal to the sum of
the potential differences across the batteries in the loop.
C. If a circuit has 7 simple loops, Kirchoff’s loop rule should be applied to 7 of them.
D.All of the other choices are not correct statements.

E. If a circuit has 7 junctions, Kirchoff’s junction rule should be applied to 7 of them.
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2. Which of the following is a correct statement?

A. In applying KirchofPs junction rule, current in a junction is taken to be positive
if it is directed away from the junction.

B. In applying Kirchoff’s loop rule, the potential difference across a battery is always
taken to be positive.

C. In applying Kirchoff’s loop rule, the potential difference across a resistor is taken
to be negative if it is transversed in the direction of the current.

D.In applying Kirchoff’s loop rule, the potential difference across a resistor is always
taken to be negative.

E. In applying Kirchoff’s loop rule, the potential difference across a battery is taken

to be negative, if it is transversed from the negative to the positive terminal

3. This problem is based on Figure 9.4. Resistors A and C have resistances of /3 Ohm
and 70 Ohm respectively. Batteries B and D have emfs of 26 V and 12 V respectively.
Determine the value and the direction of the current in the circuit.

A. 0.609 A clockwise

B. 0.67 A counter clockwise
C.0.67 A clockwise

D.0.487 A counter clockwise
E. 0.609 A counter clockwise

4. This problem is based on Figure 9.4. The current in the circuit is 0.513 A in the
direction indicated (clockwise). Resistors A and C have resistances /3 Ohm and
18 Ohm respectively. Battery D has an emf of 30 V. Determine the value and
polarity of the emf of battery B.

A. 14.097 V; polarity same as assumed polarity
B. 15.507 V; polarity opposite to assumed polarity
C. 16.916 V; polarity opposite to assumed polarity
D.15.507 V; polarity same as assumed polarity
E. 14.097 V; polarity opposite to assumed polarity

5. 'This problem is based on Figure 9.5. Which of the following represents Kirchoff’s
junction rule as applied to this circuit? (Wires are represented by numbers 7, 2,
and 3.)

AT + 1, + 1
B.7, +1,+ [
Cl-1+1 =
D.I, +1,- I
E.I —I—1=0

[ | I |
QS d O ~
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6. This problem is based on Figure 9.5. The current in wire 7 (left wire) is 5 A in
the direction shown. The current in wire 2 (middle wire) is 70 A in the direction
shown. Calculate the current in wire 3 (right wire).

A -I5A
B.I5A
C.-5A
D.5 A
E.OA

7. This problem is based on Figure 9.5. Resistors A, C and D have resistances of 11
Ohm, 6.5 Ohm, and 73.3 Ohm respectively. Batteries B, £ and F have emfs of
2.7V, 15V and 10 V respectively. Which of the following equations represents
Kirchoff’s loop rule as applied to the left simple loop (starting from the lower left
corner).

A 27 +65* 1, +15+11*1 =0
B.2.7 +65% [~ 15— 11%1, =0
C27+65+1,—15+ 111 =0
D.2.7-65%I,— 15— 11%1 =0
E.-27+65*%1,—15+11*1 =0

8. This problem is based on Figure 9.5. Resistors A, C and D have resistances of
17 Ohm, 6.5 Ohm, and /6.3 Ohm respectively. Batteries B, £ and F have emfs
of 87V, 9V and 16 V respectively. Which of the following equations represents
Kirchoff’s loop rule as applied to the right simple loop (starting from the lower

right corner).

A -65%1,—16+163% 1, =0
B.-6.5%1,— 16— 163% 1, =0
C.-65%1,+16—-163*1 =0

D.65%[,— 16— 163 %1, =0
E.65%1,— 16+ 163% I, =0

9. This problem is based on Figure 9.5. Resistors A, C and D have resistances of
5 Ohm, 9.5 Ohm, and 73.3 Ohm respectively. Batteries B, E and F have emfs of
8.7V, 30V and 27.5V respectively. Calculate the current through resistor C. wire.
A.1.226 A
B. 1.05 A
C.1.751 A
D.1.576 A
E. 1.401 A
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10.This problem is based on Figure 9.5. Resistors A, C and D have resistances of
11.2 Ohm, 12.5 Ohm, and 24.3 Ohm respectively. The currents through resistors
Aand Care 0.7 A and 0.2 A respectively. Battery B has an emf of 2.7 V. The emfs
of batteries £ and F respectively are.
A. 14.344 V and -10.615V
B. 10.432V and -7.72V
C.13.04V and -10.615V
D.14.344 V and -9.65 V
E. 13.04 V and -9.65 V
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7 MAGNETIC FIELDS

Your goal for this chapter is to learn about the nature of magnetic forces, magnetic forces
on a charge moving in a magnetic field and current carrying wires, magnetic torques on

current carrying loops, and electromagnetic forces.

Magnetic Force is a force that exists between current carrying objects. Unlike electric force
whose source is excess charges, the source of magnetic force is excess current. Magnetic
Field is a field used to represent magnetic force. The SI unit of magnetic field is the Tesla
abbreviated as T. Magnetic Field Lines are lines used to represent magnetic field graphically.
The lines are drawn in such a way that a) the number of lines per a unit perpendicular area
(density of lines) is proportional to the magnitude of the field and b) the line tangent to
the curve at a given point has the same line of action as the magnetic field. To distinguish
between the two possible directions of the tangent line, an arrow is placed on the curves.
Unlike electric field lines (which originate in a positive charge and sink in a negative charge),

magnetic field lines form complete loops.

Permanent Magnets: The origin of the magnetic field due to permanent magnets is the
motion of electrons around the nucleus (which constitutes current). For most elements the
currents due to the electrons of an atom cancel each and thus most elements do not have
magnetic properties. But for some elements such as nickel, iron and cobalt, the currents
due to the electrons do not cancel each other. As a result the atoms of these elements have

net magnetic properties.

Normally, a sample of a magnetic material such as iron do not have magnetic properties
even though their atoms do. The reason is that the atomic magnets are randomly distributed
and they cancel each other. But if a magnetic material is placed in an external magnetic
field, the atomic magnets are aligned in the direction of the field and the magnetic material

acquires a net magnetic property becoming a magnet.

Permanent magnets of certain shapes (such as a rectangle) have two locations where the
magnetic field is the strongest. These locations are called the poles of the magnet. These
poles are identified as the North and South Poles of the magnet. If a magnet is free to rotate
across a pivot, one of its ends will point towards the north pole of earth. This is because
earth has its own magnet. The pole that points towards the North Pole of earth is called
the north pole of the magnet and the other pole is called the south pole of the magnet.
Experiment shows that similar poles repel and opposite poles attract. Since the north pole
of a magnet points towards the north pole of the earth its follows that the south pole of

earth’s magnet is located on the geographic north pole of earth.

Download free eBooks at bookboon.com



Magnetic field lines come out of the North Pole and come into the South Pole.

Magnetic Force on a Charge Moving in a Magnetic Field

Magnetic force (FB) acting on a charge (g) moving with a velocity (V) is equal to the
product of its charge and the cross product between its velocity and the magnetic field.

F 3= qv x B
If the angle between v and B is 0, then the magnitude of v x B is vBsin@ where v and B
are the magnitudes of the velocity and magnetic field respectively. Therefore the magnitude

of the magnetic force is ( F ) is given by
FB =|q|vBsin9

If v and B are expressed in the i-j notation, then evaluating F =gvx B will give both
the magnitude and direction of the magnetic force. Another alternative is to calculate the
magnitude from F 5= |q| vBsin @ and obtaining the direction from the screw or right hand
rule. The direction of the magnetic force is always perpendicular to the plane determined by
the velocity and magnetic field vectors. To distinguish between the two possible directions
which are perpendicularly out of the plane (graphically represented by a dot (-)) and
perpendicularly into the plane (graphically represented by a cross (x)) , the screw rule or
the right hand rule can be used. (Mathematically, if a coordinate system where the xy-
plane lies in the plane determined by the velocity and the field is used, then the direction
perpendicularly out is represented by the unit vector k and the direction perpendicularly

into is represented by the unit vector —k.)

The Screw Rule

First connect the velocity vector and the magnetic field vector tail to tail. Then place the
screw perpendicularly at their tails, and rotate the screw from the velocity vector towards
the field vector. Then, if the charge is positive the direction of movement of the screw gives
direction of the magnetic force and if the charge is negative the direction of the magnetic
force is opposite to the direction of movement of the screw. A screw goes in if turned

clockwise and goes out if turned counter clockwise.
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The right hand rule

First arrange the index finger and the middle finger of the right hand in such a way that
they are perpendicular to thumb. Align the index finger in the direction of the velocity and
the middle finger in the direction of the field; then if the charge is positive, direction of
thumb gives direction of magnetic force and if the charge is negative the direction of the

magnetic force is opposite to that of the thumb.

Example: A 4 mC charge is going north-east in a uniform magnetic field of strength 2T
directed towards east with a speed of 600 m /s. Determine the magnitude and direction

of the magnetic force acting on the charge.

Solution: Lets use the screw rule to determine the direction. If a screw is placed in direction
perpendicular to both the field and the velocity and is turned from the velocity vector
(north-east) towards the field vector (east), the screw goes in. Since the charge is positive,

the direction of the magnetic force must be perpendicularly in (x).
g =4x10° C;v = 600m/s; B = 2T ;0 = 45%F, =2

F, = |g|vBsin (0) = 4x107° x600x2sin(45°) N =3.4 N
F, = 3.4 N perpendicularly in (x)

vu---v---v---vv---vu---v---vv--vv--vv--vv---ov--vv--ov--ovv-ovv-cvv-cvv-coAlcateluLUcent @
www.alcatel-lucent.com/careers

2
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Or alternatively,

B=2iT

A

¥ =(600c0s(45°)i +600sin (45°) 7) mv/s = (424i +424; ) mvs

— —

F, =qvxB=4x107>(424i + 424 )x(2f) N=-3.4k N

Example: A-6 n C is moving west with a speed of 3¢6 m/s in a region where the magnetic
field is directed perpendicularly into the plane of the paper (x). The strength of the magnetic
field is 6 mT. Determine the magnitude and direction of the magnetic field acting on

the charge.

Solution: Lets use the right hand rule to determine the direction. If the index finger and the
middle finger of the right hand are arranged in such a way that the index finger is directed
in the direction of the velocity (west) and the middle finger is directed in the direction of
the field (perpendicularly in), the thumb points south (down the paper) when arranged to
be perpendicular to both fingers. Since the charge is negative, the direction of the magnetic
force is opposite to that of the thumb. Thus the direction of the magnetic force is north
(towards the top of the paper). The angle between the velocity and the field is 90° because

they are perpendicular to each other.

g =—6x107 C;v = 3x10° m/s; B = 6x10° T; 6 = 90%F, =?
Fy = |g|vBsin (0) = 6x107x3x10°x6x107sin (90°) N =1.08x10* N
F, = 1.08x10™ N south

Or alternatively,
B=-6x10"kT

v =-3x10%

Fy =qixB=—-6x10"(<6x107k|x(~3x10%7 | N=1.08x107* N
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Magnetic Force on a current carrying wire placed on a magnetic field

Take a small element of the wire d¢ that contains charge dg. Suppose the charge dg is

moving with a velocity ¥ , then the magnetic force acting on this element is dF = dq(ﬁ x B )

. _dl _(de dg( 7 dg .
. But v= - Therefore a’F dq[d XBJ 7 (dl xB). But E_l]l which is the current

and the force acting on this small element is dFf B =|7 l(dz xé). The total force (FB) on the
wire is obtained by integrating over the whole wire: 7, :jdﬁB :J‘|1|(d2xl§) =|1|[Id2]xé.
But jdz A Al is the vector connecting the ends of the wire (irrespective of the shape of
the wire) and its direction is the direction of the current (Remember conventionally the
direction of current is the direction of movement of positive charges. If 7, and 7, are the
position vectors of the end points of the wire and the current is directed from 7, to 7, then

Al =F

", —7:). Therefore the force acting on a current carrying wire placed in a magnetic

field is given by
=|1| A€ xB

For a closed loop, M =0 and it follows that the net force acting on a current carrying

loop is zero.

If Al and B are expressed in the i-j notation then the magnitude and direction can be
obtained directly from 17“ =1 N xB. Alternatively, the magnitude can be obtained from

p =1 A Bsinf where Af is the magnitude of Al (not the length of the wire), 0 is the
angle between A¢ and B; and the direction can be obtained from the screw rule or the
right hand rule. In using the screw rule, the screw is rotated from Al towards B and in
using the right hand rule A¢ is represented by the index finger and the field is represented
by the middle finger.

Example: A wire of length 1.5 m carrying a current of 3 A to the right is placed in a uniform
magnetic field of strength 5 T directed to the left. Determine the magnitude and direction

of the magnetic force acting on the wire.

Download free eBooks at bookboon.com



ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES MAGNETIC FIELDS

Solution: The angle between the wire and the field is 780° because the current and the field

have opposite directions.
I=3A;Al=15m;B = 5T; 6=180%F, =?
F, =|I|AIBsin(0) = 3 x1.5x5sin (180°) = 0

No need to specify direction since the force is zero.

Or alternatively,
Al=15i m

B=-5T

FB :|I| Ale§:3(l.Sf)x(—5f) 0
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Example: A wire of length 2 m carrying a current of 10 A towards south (towards the bottom
of the paper) is placed in a 7 T magnetic field whose direction is perpendicularly out of the

paper (.). Determine the magnitude and direction of the magnetic force acting on the wire.

Solution: Lets use the screw rule to determine the direction. The plane determined by the
wire (south) and the field (perpendicularly out) is the plane perpendicular to the plane of
this paper. When the screw is put perpendicular to this plane from the right side of the
plane and rotated from the wire (south) towards the field, it goes in towards west. Therefore

the direction of the magnetic force acting on the wire is west. The angle between the wire
and the field is 90°.
I=10A;Al=2m;B=7T; 06=90°%F, =?

Fy = |I|AIBsin(0)=10x2x7N =140 N

F, = 140 N west

Or alternatively,

Al=-2jm

— ~

B=TkT

F, =|1| Af < B=10(-2])x(7k)=-140i
Example: The end points of an irregularly shaped wire are located at the points A(1, 2)
m and B(4, 6) m. The length of the ire is 10 m. It carries a current of 2 A from point A
towards point B. Calculate the magnetic force acting on the wire when it is placed in a

0.005 T magnetic field directed towards west.

Solution:

I=2A; B=-0.005i T; 7 =(1,2) m; 7, =(4,6) m; F, =?
Al =7, 7 =(4i +6]) m—(i+2]) m=(3{+4j) m

Fo =|I| A6 xB=2(30+4])x(~0.005) N=0.04k N
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Practice Quiz 7.1
Choose the best answer

1. Which of the following is a correct statement?
A. Magnetic field lines come out of the South Pole and go into the North Pole.
B. The cause of magnetic force is excess charge.
C. The SI unit of measurement for magnetic field is Newton / Ampere.
D. The cause of the magnetic field due to permanent magnets is earth’s magnetic field.

E. Magnetic field lines form a complete loops.

2. Which of the following is a correct statement?

A. When a magnet is free to rotate across a pivot, its North Pole points towards
the geographic South Pole of earth.

B. The magnetic force on a charge moving in a magnetic field is proportional to
the sine of the angle between the field and the velocity.

C. The magnetic torque acting on a current carrying loop placed in a magnetic
field is inversely proportional to the area of the loop.

D.Similar poles attract opposite poles repel.

E. The magnetic force on a current carrying straight wire placed in a magnetic field

is inversely proportional to the strength of the field.

3. A magnetic force of 641 N acts on a positively charged object when it moves
north with a speed of 740 m /s in a field of strength 0.13 T directed towards east.
Calculate its charge.

A. 42264 C
B. 31.698 C
C.35.22C
D.o C

E. 24.654 C

4. A force of 765 N acts on a 0.17 C charge when it moves towards south in a
magnetic field of strength 4 T directed 50 ° west of south. How fast is it going?
A.1174.867 m /s
B. 1615.442 m /s
C. 1468.583 m /s
D.2056.016 m /s
E. 1909.158 m /s
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5. Determine the direction of the magnetic force on a positive charge going east in
a region where the magnetic field is directed north.
A. perpendicularly out
B. east
C. perpendicularly in
D.south

E. west

6. A 1.4e-3 C charge is moving with a velocity of (2.5¢3 i + 3.4¢3 j + 1.4¢3 k) m
/s in a region where there is a magnetic field of (8.2 i + 9.3 j) T. Calculate the
magnitude of the magnetic force acting on the charge.

A.27.666 N
B. 25151 N
C.17.606 N
D. 15091 N
E. 20.121 N

/
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7. Determine the direction of the magnetic force acting on a straight wire carrying
current towards south placed in a region where the magnetic field is directed east.
A. perpendicularly out
B. west
C. north
D.east
E. perpendicularly in

8. Calculate the magnitude of the magnetic force acting on a straight wire of length
2.25 m carrying a current of 7.2 A directed towards east placed in a magnetic field
of strength 0.32 T directed towards east.

A. 5184 N
B. 5.702 N
C.6.739 N
D.ON

E. 4147 N

9. A 1.2 N magnetic force acts on a straight wire of length 7.5 m carrying a current
of 1.2 A directed towards east when it is placed in region where there is a magnetic
field whose direction is 35 ° north of east. Calculate the strength of the magnetic
field.

A.1.627'T
B. 1.046 T
C.1.395T
D.1.162T
E. 1511 T

10.A straight wire that extends from the origin to the point P(2.5, 4.5, 2.5) m carries
a current of 6.7 A directed from the origin to point . If there is a magnetic field
of (6.7 i + 8.2 j) T, calculate the magnetic force acting on the wire.
A.(-137.35i+ 134.67 j + -45.259 k) N
B. (-151.085 i + 134.67 j + 45.259 k) N
C.(-137.35i + 112.225j + -64.655 k) N
D.(-151.085 i + 134.67 j + -64.655 k) N
E. (-96.145 i + 112.225j + -90.517 k) N
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11. A wire that extends straight from the origin to point A (0, 0.53) m and then
straight to point B (0.65, 0.53) m is carrying a current of 7.4 A directed from
the origin to point B. If there is a magnetic field of strength 6.4 T in the region
whose direction is perpendicularly outward, calculate the direction of the magnetic
force exerted on the wire.

A. 45.726°
B. 50.807°
C.-45.726°
D.-50.807
E. -40.645°

Magnetic Torque on a current carrying loop placed in a magnetic field

Consider a small element d¢ of a current carrying loop placed in a magnetic field. The
magnetic force acting on this element is given by dF B —Idf xB. The magnetic torque
acting on this element about the axis of rotation shown is d7 =7 ks dF Bwhere g is a radial
position vector of d¢ with respect to the axis of rotation. Therefore df:fj_ x([ deE)

. The total torque on the loop is obtained by integrating d7 over the entire loop:
f=.‘-df=“‘[fj_ X(I dZXE’)] Assuming / and B are constants, they can be taken out of
the integration: 7= ]-‘-[;1 xdl J « B. The expression 7 and 7| is equal to the area of the
parallelogram determined by FJ_ X dZ; that is Flx dé =dA and 7 =I{J‘d2} x B. But J.dz?l =4
which is the area of the loop. Therefore the magnetic torque acting on a current carrying

loop placed in a magnetic field is given as
T=1 (2 x B )

The current [ is taken to be positive if it is flowing counterclockwise and negative if it
is flowing clockwise. Remember the direction of area is perpendicular to the plane of the
loop. Thumb gives the direction of area when right hand fingers are wrapped around the
loop in a counterclockwise direction. If the angle formed between 4 and B is 0, then the

magnitude of the torque is given by

7 =|I|ABsin0

Download free eBooks at bookboon.com



ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES MAGNETIC FIELDS

—

The maximum value of the torque occurs when @ = 90°; that is when 4 is perpendicular
to B or when the field is parallel to the plane of the loop. The direction of torque and the
direction of rotation (that is either clockwise or counterclockwise) is determined by the
right hand rule. When thumb is aligned in the direction of the torque, the direction of
fingers represents direction of rotation. For example when thumb point up, fingers will be

wrapped in a counterclockwise direction.

If A and B are expressed in the i — ] notation, then the magnitude and direction of the
torque can be obtained directly from 7 =17(4 xé). Alternatively, the magnitude can be
obtained from 7 =|7| ABsin@ and the direction can be obtained either from the screw rule

or the right hand rule.

—

In using the screw rule, the screw should be turned from A towards B. The direction of
movement of the screw will be in the direction of torque if the current is counterclockwise
and opposite to the direction of torque if the current is clockwise.

In using the right hand rule, 4 is represented by the index finger and B is represented by
the middle finger. The direction of torque will be in the direction of thumb if the current

is counterclockwise and opposite to the direction of the thumb if the current is clockwise.
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Example: A circular loop of radius 2 m is placed on the xy-plane in a region where there
is magnetic field of strength 10 T east. The loop is carrying a current of 44 in a counter

clockwise direction.
a) Determine the magnetic torque acting on the loop.

Solution: The current should be taken to be positive because it is flowing in a counterclockwise

direction.

I=2A;B=10i T;r=2m; =2

A=’k =22k m* = dzk m’
z :1(21 xB) = 4(47k ) (10) Nm =160} Nm

That is the direction is north. Alternatively, the magnitude can be determined from
T=|] | ABsin@ (with =90°) and then the direction can be determined using the screw
or the right hand rule.

b) Is the loop rotating clockwise or counterclockwise?

Solution: With thumb in the direction of torque (north) fingers are wrapped in a

counterclockwise direction. Thus, the loop will be rotating in a counterclockwise direction,

Magnetic Moment

Magnetic moment (/) of a current carrying loop is defined to be the product of the current

in the loop and the area of the loop.
=14

If the current is in a counterclockwise direction (the current is positive) then [l has the same
direction as the area; and if the current is clockwise (the current is negative) the direction if
U is opposite to that of A. In other word, the direction of U is related with the direction
of the current by the right hand rule. When fingers are wrapped in the direction of the
current, thumb will give the direction of the magnetic moment. The unit of measurement
of magnetic moment is Am?. The torque acting on a current carrying loop placed in a

magnetic field can now be written in terms of magnetic moment as

T=[xB
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Example: A circular loop of radius 2 m on the xy-plane carries a current of 0.5 A in a

clockwise direction. Determine its magnetic moment.

Solution: The current should be taken to be negative because it is flowing in a clockwise

direction. The direction of the area is perpendicularly out or k.
I=-05Ar=2m; u="?

A=nrk =4rk

fi=I4=-05x4rk Am® =27k Am’

Magnetic Potential Energy

Consider a current carrying loop placed in a magnetic field in such a way that the angle
between its magnetic moment and field is different from zero or 180°. There will be a net
torque acting on it according to the equation 7 =|/|4Bsin 8. If the loop is let go from this
orientation, it will rotate because of the torque acting on it. In other words, this orientation
is a source for rotational kinetic energy. This indicates that there is a magnetic potential

energy associated with current carrying loops placed in a magnetic field.

A loop placed in a magnetic field rotates because there is a tangential magnetic force on
the loop. The work done by this tangential force as the loop is displaced (rotated) by a
small displacement dr, is @7 =f7; «d7. 'Therefore the change in potential energy associated
with this work is dU =—dW=—F't -dr. Now consider a loop placed in a magnetic field in
such a way that its magnetic moment is parallel to the magnetic field. At this position the
torque acting on the loop is zero (because © = 0). Magnetic torque is a restoring force.
If this loop is rotated counterclockwise (clockwise) the magnetic torque will be clockwise
(counterclockwise). In other words, the tangential magnetic force is opposite to the displacement:

dW =—F,|dr|. Since the displacement is rotational,

dr|=ds =r dO where r| represents the

radius of rotation. Therefore dW =~F,r do- But F.r =7 and dU =—dW =td@. The total

change in potential energy is obtained by integration: = | zg9+c. But 7=uBsin@ and

U= | uBsin6d6=—-uBcos6+C . It is easier to choose the refererice point to be the orientation
T

where cos@ = 0.Therefore, let U(Q:EJZO' With this choice of reference point, C =0 and

U =—-uBcosf. The magnetic potential energy can also be written as a dot product as

U =-iiB
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The minimum potential energy occurs when i and B are parallel (6 = 0): u‘ 9—0 = MB

=0

The maximum potential energy occurs when 7 & B are opposite (6 = 180°): u‘ o_1g0e = HB

These are orientations where the torque is zero. The former is a stable equilibrium orientation
and the latter is unstable equilibrium orientation. The reference point (6:%) is the orientation
where the maximum torque occurs. Even though this formula is obtained for orientations,
it is generally valid. For example suppose the magnetic field changes along the x-axis. Then

there will be a linear force along the x-axis because # =—3—”=ﬁ-%—5’. This explains why iron
X X

dx
is attracted (or repelled) by a magnet. The force is the result of the fact that the magnetic

field gets stronger and stronger as the magnet is approached.

Example: A loop of radius 2 m carrying current of 3 A in a clockwise direction is placed
in a region where there is a magnetic field of strength 0.4 T directed perpendicularly out

of the plane of the loop. Calculate the magnetic potential energy stored by the loop.
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Solution: Let the plane of the loop be the xy-plane. The current should be negative because

it is flowing in a clockwise direction.
I=-3A;B=04k T;r=2m; U=2
A=’k =22nk m* = dzk m’
ji=I4=-3x4rk Am*> =—127k Am>
U=—jiB= —(—127z1€)-(0.41€) J=4817

Mass Spectrometer

Mass Spectrometer is a device used to separate a mixture of charges according to their
masses (assuming they all have the same charge). Consider a particle of mass 7 and charge
g propelled to a magnetic field B perpendicularly with a speed v. As the charge enters the
field it will be acted upon by a magnetic force Fy =|g|vBsing; but ©=90° and Fy =|q|vB-
Since this force is perpendicular to the trajectory (velocity) of the particle, its effect is only to
change direction and not magnitude. Such force is called a centripetal force and the resulting
trajectory is circular. Let the radius of this trajectory be R. Centripetal force is related with
the speed of the object according to the equation F, :%. Therefore F,=F, :msz:|q|VB
and the radius of the circular trajectory is given as

This equation shows that the radius of the trajectory depends on the mass of the particle.
Thus if a mixture of charges of different masses is propelled to the field, the particles will
have different trajectories according to their masses resulting in the separation of the particles

according to their masses.

Example: An electron is propelled perpendicularly into a magnetic field of strength 2 mT

with a speed of 10° m/s. How long does it take to make one complete revolution?
Solution: Let the period be 7.

g=-1.6x10""C; m=9.1x10"" kg; B=0.002 T; v=10° m/s; T =?

my

_W

_27R 2m mv  2mm _ 27xx9.1x107"

T 2 T = — — s=1.78x10"" s
% v|q|B |q|B 1.6x107" x2x10
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Electromagnetic force on a charge

A charge in a region where there are both electric and magnetic fields, is subjected to both
electrical and magnetic forces. The electrical force is gE where E stands for electric field;
and the magnetic force is gV x B where v stands for the velocity of the charge and B stands
for the field. The net electromagnetic force is the sum of these two forces:
Fem =qE+qgvxB

Example: A 2 C charge is moving in a region where there is electric field directed towards
north and a magnetic field that penetrates the paper perpendicularly inward. The magnitude
of the electric field is 200 N/C and the magnitude of the magnetic field is 5 T. Calculate

the electromagnetic force acting on the charge when it is moving towards east with a speed
of 100 m/s.

Solution: Let the plane of the paper be the xy-plane.

q=3C; E=200] N/C; B=-5k T; v =100{ m/s; F,,,,, =?

-

F =gE+qvxB =[3(200}')+3(1005)45(—1%))} N'=(=600j+15007) N=2100] N

em

Example: A charge is moving towards east in a straight line without being deflected in
a region where there is a 2000 N/C electric field directed towards north and a 0.005 T
magnetic field whose direction is perpendicularly out of the plane determined by the velocity

and the electric field. Calculate the speed of the charge.

Solution: The net electromagnetic force acting on the charge should be zero because it is

moving in a straight line with a constant speed.

E=200] N/C; B=0.005k T; F, =0, v =vi

Sl

o =qE+qgvxB=0
E+vxB=0= 2000j+(v§)x(0.0051€)
20007 —0.005vj =0

2000 =0.005v

v=4x10" m/s
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Cyclotron

A cyclotron is device used to accelerate charges to a high energy. It essentially consists of
two half cylinders connected to an alternating potential difference placed in a magnetic
field parallel to one axis of the cylinders. A charge is propelled perpendicular to the field.
The charge will move in a circular path because of the magnetic force. Every time it goes
from one of the half cylinders to the other it will be accelerated because of the potential
difference between the half cylinders (AU =gAv). As the velocity increases because of the
potential difference, the radius of revolution increases. Eventually, the radius of revolution

is increased to the outer radius of the cyclotron. Let the outer radius of the cyclotron be R,

then mez =¢vB and the speed of the charge by the time it leaves the cyclotron is given by

- qRB
m
RBY
Thus, the energy of the charge by the time it leaves the cyclotron is E = % my? = % m(Lj or
m
1 2p2p2
E=——q°R°B
2m?

A common unit of energy for atomic particles is the electron Volt abbreviation as eV.
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An electron-volt is defined to be the energy needed to accelerate an electron through a
potential difference of one volt. Therefore Electron volt = gAV = (1.6><10_19C)(1 V)=1.6x10"1J

leV =1.6x10"19 J

The Hall Effect

Hall Effect refers to the fact that when a current carrying current is placed in a magnetic
field perpendicular to the current, electric field (potential difference) is developed in a

direction perpendicular to both the current and the magnetic field. Consider the rectangular

conductor shown which carries current in the positive y direction (\7 =V dj‘) and placed in

a region where there is magnetic field whose direction is along the positive z-axis (5= 5k)

E
<
E 7 H
/m// | / .
/A » /
F/ G/ /D y
B
C

The charges carrying the current will be subjected to a magnetic force according to the
equation ¥ =qv, x B where \_/'d is the draft velocity of the charges But Vd = Vdj and B = Bk.
Therefore F"B = q(vd}xBlg) = quB(]A'xlg) = quBf. Therefore the charges (assumed to be positive
conventionally) will be pushed towards the surface BCGFB. As a result the face BCGFB will
be positively charges and the opposite dace ADHEA will be negatively charged because of
the deficiency of positive charges. As a result there will be an electric field directed from
the positively charged face BCGFB to the negatively charged face ADHEA. That is E=-Ei
. Therefore the current carrier charges are subjected to both electric force and magnetic
force. The electric force (E:—Ef) is opposed the magnetic force(FB :quBf). The buildup
of the charges on the faces BCGFB ¢ ADHEA can continue only until the magnetic force
is balanced by the electric force. The balancing electric field is called the Hall electric field
(denoted by E,). When E = o the sum of the electric force and magnetic force should be
zero: F"E +FB == —qEHf + quBf =0 which implies

EH =vdB
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The potential difference between the faces BCGFB ¢ ADHEA is equal to the product
of the electric field £, and the perpendicular distance between these faces (E) .
Let AB=d. Therefore the Hall potential difference (AV,) is given by AV, =E, d=v_ Bd
The Hall Effect is often used to measure an unknown magnetic field g = AVy .Butv = i

v,d d ngA
where 7 is concentration of charges and A is the cross-sectional area of the face perpendicular

to the current: 4= ABx AE.Let AE =t, then A=td. With v, = , the expression for the

Ji
ngtd
magnetic field becomes
AVH nthVH

B:vda’: I

Example: Consider the rectangular block shown in the above diagram. Suppose the block is
made up of copper and is carrying current of 2 A in the direction shown (y-axis). And suppose
there is a magnetic field along the positive z-axis as shown whose magnitude is unknown.
The dimensions of the rectangular block are AE =0.02 m, AB=0.04m and AD=0.06 m.

Calculate the magnitude of the magnetic field, if the Hall potential difference between the
faces ABCDA & ADHEA is measured to be 5 nV. (Atomic mass density of Cu are 63.5 u
and 8920 kg/m?® respectively)

Solution: n (concentration of charges) can be obtained as the ratio between Avogadro number
and the volume of one gram molecular weight of copper (Cu has only one electron per
atom). The volume of one gram molecular (Vg) weight can be obtained as the ratio of gram

molecular weight to the density.

AV, =5x107 V;d = AB=0.04 m; AE=0.02 m; [ =2 A; M, =0.0635 kg; p=8920 kg/m’; B="

M
y,=—%
Yo,
23
n=ta 2 Na 6026107 5 g 46x10% 1/m?
v, M, 63.5x10
W 8920
Vg
vy=te L 2 m/s =1.85x10~" mys
"4 ng(4B-AE) (3.46x10%)(1.6x107')[(0.04)(0.02)]
AV 9
B=—»= - 5x10 T=0.68 T

Ve (1.85x1077)(0.04)
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Practice Quiz 7.2
Choose the best answer

1. A rectangular wire of sides 0./ m and 7.8 m that carries a current of 6.45 is placed

in a region where there is a magnetic field of strength 4.5 T which is perpendicular
to the plane of the loop. Calculate the magnitude of the magnetic torque acting
on the wire.
A.6.269 N m
B.3.657 N m
C.4.702 N m
D.5225 N m
E.ON m
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2. A circular loop carrying a current in a counter clockwise direction is placed in a
magnetic field directed towards west. If the plane of the loop is parallel to the field,
determine the direction of the magnetic torque acting on the loop.

A. perpendicularly in
B. north

C. perpendicularly out
D.south

E. west

3. A circular loop carrying a current in a clockwise direction is placed in a magnetic
field directed towards north. If the plane of the loop is parallel to the field, determine
the direction of the magnetic torque acting on the loop.

A. east

B. perpendicularly out
C. west

D. perpendicularly in
E. south

4. Determine the magnetic moment of a circular coil in the xy-plane of radius
0.35 m carrying a current of 1.6 A in a counter clockwise direction.
A.-0.554 k A m?
B.-0.739 k A m?
C.-0.616 k A m*
D.0.616 B A m?
E. 0.554 k A m’

5. A proton is propelled east with a speed of 7.2¢6 m /s to a region where there is a
magnetic field of strength 4 T directed perpendicularly out of the paper. Calculate
the period of the resulting circular motion of the proton. A proton has a mass of
1.67¢-27 kg and a charge of 1.6e-19 C.

A. 16.395¢-9 s
B. 9.837¢-9 s

C. 19.674e-9 s
D.11.477e-9 s
E. 14.756¢-9 s
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6. The electric field and the magnetic field in a certain region are /.4¢3 N/C west and
6.9T perpendicularly in respectively. Calculate the direction of the electromagnetic
force acting on a 5.7¢-3 C charge at the time its velocity is 0.9¢3 m /s east.

A. 143.786°
B. 61.623°
C. 102.705°
D.82.164°
E. 133.516°

7. In a certain region, there is an electric field whose direction is north and a magnetic
field of 2. 7e-3T perpendicularly out. What should the magnitude of the electric field
be if a proton is to travel towards east through the fields without being deflected
with a speed of 1.6¢6 m/s.

A.2.592¢3 N/C
B. 4.32¢3 N/C

C.5.184¢e3 N /C
D.3.024e3 N/ C
E. 6.048¢3 N/ C

8. The magnetic field used in a cyclotron has a strength of 7.6 T. If the energy of a
proton by the time it leaves the cyclotron is 6.4¢7 eV, calculate the outer radius
of the cyclotron (A proton has a charge of 1.6e-19 C and a mass of 1.67¢-27 kg).
A.0.722 m
B. 0.433 m
C.0.795 m
D.0.867 m
E. 0.939 m

9. Consider a rectangular block of metal with faces parallel to the xy-plane, xz-plane
and xy-plane that carries current in the negative y direction. Determine the direction
of the Hall electric field when placed in a magnetic field whose direction is along
the positive z-axis.

A. 5
B. -k
C.-i
D.j
E. i
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10.Consider a rectangular block of copper whose corners are located at (0, 0,
0), (1.2¢-2, 0, 0) m, (1.2¢-2, 3.1e-2, 0) m, (0, 3.1¢-2, 0) m, (0, 0, 4.4e-4) m,
(1.2e-2, 0, 4.4e-4) m, (1.2¢-2, 3.1e-2, 4.4e-4) m and (0, 3.1, 4.4e-4) m. The block
is carrying a current of 2.8 A in the direction of the positive x-axis. There is a

magnetic field of strength 7.6 T, directed along the positive z-axis. Calculate the

Hall electric field. Copper has gram molecular weight of 63.5 g and a density of
8920 kg / m°.

A. 0.34e-4 N/C

B. 0.243e-4 N/ C

C.0.316e-4 N/ C

D.0.291e-4 N/ C

E. 0.218¢-4 N/C
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8 SOURCES OF THE
MAGNETIC FIELD

Magnetic Field due to a Moving Charge

The magnitude of the magnetic field due to a moving charge at a certain point P depends
on three factors. It is proportional to the charge (g). It is inversely proportional to the
square of the distance (rp) between the charge and the point. And it is proportional to
the component of the velocity perpendicular (v, ) to the position vector (171,) of the point
with respect to the charge. The component of the velocity parallel to the position vector of
the point with respect to the charge does not contribute to the magnetic field. Therefore
the magnitude of the magnetic field may be given as B :’UL’V;. The constant g, is called

. 1 4rr,
magnetic permeability of vacuum.

Uy =47x107 Tm/ A
The direction of the magnetic field is perpendicular to the plane determined by the velocity vector

(V) and the position vector of the point with respect to the charge, 7. In other words its

direction is the same as the direction of the cross product between V and 7. Therefore the

<l

X

unit vector in the direction of the field may be written as ¢, = r— But ‘Vx?p I =vr, sin(6)
VX7 |

RN

where 0 is the angle formed between V and 17p and vsin(@):vl. It follows that the unit

VXT, .
vector in the direction of the magnetic field may be given as ¢ » and the magnetic

2
ﬂ'}"p

5 r,y,
. , = v . v [ Vx
field vector at the point can be given as B= Zl oI — ﬂoq ( ] Therefore

B= Hoq
47rr

Sx 7
\% I"p

If 7 and 7' are the position vectors of the point and the charge with respect to any coordinate

system respectively, then 7 =7—7"'and r, =|F —7|; and the magnetic field at point P may

also be written as

E=A\7X(

N

|
|
~

- =3
47z|r—r'|
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Figure 11.1
Example: Consider a proton travelling to the right along the x-axis with a speed 4000 m /s.

a) By the time the proton crosses the origin, calculate the magnetic field a point on the
y-axis at y = 0.003 m.

Solution:

g=1.6x10" C; ¥ =4000 /s i; 7' =0 (because the charge is located at the origin); 7 = (0,0.003) m =0.003 m;

B=29

F—7'=(0.003j-0) m =0.003 mj;

7 —71=0.003 m

—

7 (7 —7') = (40007 )x(0.003]) m’ /s =12k m’ /s

=7 -19
B = Hl g (5= 210 x1.6x10 (12£) T=7x10""k T
4z |F -7 47(0.003)

b) By the time the proton crosses the origin, calculate the magnetic field at a point located
on the x-axis at x = 0.006 m.

Solution:

7#'=0 (because the charge is located at the origin); 7 = (0.006,0) m = 0.006; m; B =2

7—7'=(0.006/ —0) m=0.006/ m

(7 —7')= (4000 m /s)x(0.006 m)=0

<l
X
N
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c) By the time the proton is located on the x-axis at x = 0.004 m, Calculate the magnetic
field at the point (0.005, -0.009) m.

Solution:

7 =(0.004,0) m=0.004; m; 7 =(0.005,-0.009) m =(0.005/ ~0.009) m; B ="

F—7'=(0.0057 ~0.009,/) m—(0.004i ) m=(0.001{ —0.009;) m

F 71| =/0.001% +(~0.009)" m=9.06 m

7 (7 —7")=(4000f m/s)x(0.001f —0.009) m=—-36k m* /s

19
B <(F - ’7,) 47 x107 x1.6x10

3 ( 36/2) T=-07.75x10""% T|
Ar|f -7 47(9.06x107)

Magnetic Field due to a Current carrying Wire

The magnetic field at a certain point P due to a current carrying wire is the vector sum of
the magnetic fields due to all of the moving charges in the wire. Therefore the field may be
calculated by first obtaining an expression for the field due to a small representative charge

and then integrating over all the moving charges.
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Let ds be a small path element of the wire whose position vector with respect to a
certain coordinate system is 7. Let dq be the charge that crosses the path element ds

in a time interval dtf. That means the velocity of the charge dg by the time it crosses the

path element is ¥ = —. Then, if 7 is the position vector of the point where the magnetic

dt
field is to be calculated and @B is the magnetic field at this point due to the charge dg

. - AN R
vx(7-7'). Andsince V zj,ltfollows that qp—_ % & (F—7") = ———LA_ggx (7 - 7).
t

4B — o L
Azl -7\ dt

arlF -7

But % _; which is the rate of flow of charge or current in the wire. Therefore the magnetic
dt

field due to the charge dg may be written as déz%a@x(?—?). The net magnetic
Az|F -7

field at the point is obtained by adding the contributions from all the path elements. In

other words, it is obtained by integrating this expression over the total length of the wire.

B ,uOIJ-d§><(7—F')
A

This relationship is known as Biot-Savart law.

Magnetic Field due to a current carrying straight wire at a point located on the same

line as the wire

If the point is located on the same line as the wire, then ds" and 7 =7 7" are parallel and
ds x7, =0. Therefore, it follows that the magnetic field at any point located on the same

line as the wire is zero.
B=0

Magnetic field at the center of a circle of radius R due to any current carrying arc of the

circle that subtends a central angle Ag

Consider a current carrying arc that is a part of a circle of radius R that lies on the xy-plane
centered at the origin. Let ds be an arbitrary path element on the arc whose position vector
is 7'. Then 7 =0 because the point is located at the origin, 7'=Rcos(¢)i + Rsin(¢) j where

@ is angle formed between 7' and the positive x-axis and ds = dsé, = ds(—sin(¢)f + cos(¢)}).

A

F,=F—F'=0—(Rcos(¢)i + Rsin(¢) j)=—Rcos(¢)i — Rsin(¢) ]
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d:v"x(?—?') :ds(—sin(¢)f+cos(¢)j)><(—Rcos(¢)f—Rsin(¢)j') = Rdssin® (¢)l€+Ra’scos2 (¢)l€ = Rdsk

d§><(7—17) ,uoRzl
‘F___73 B 47

And with ds=Rdg, dsx(F -7 )=Rdgk . Therefore B::‘_wj
T

7

P+AP P+AP
k I d—?:'u—olk I d¢ and the field is given as
, B 47nR

Even though in this particular case where the arc is on the xy-plane the direction is /g,
generally, the direction is the same as the direction of the area of the loop (é,). Remember,
the direction of area is always perpendicular to the plane of the loop and is related to the
counter clock wise direction by the right hand rule. Therefore, generally, the magnetic field
at the center of the arc can be written in terms of a unit vector in the direction of the area

of the plane of the loop as

o[AP
4z R

€,

In this formula, the current 7 should be taken to be positive if the direction of the current

is counter clock wise and negative if it is clock wise.

Alternatively, first the magnitude of the field can be determined from

Z?:Z /10|11ZX¢
4R

And then the direction can be determined from the right hand rule. When fingers are

wrapped in the direction of the current, the direction of thumb represents the direction

of the field.

Magnetic Field at the center of a current carrying circular loop

The magnetic field at the center of a current carrying circular loop can be obtained from
the expression for the field of an arc that subtends an angle A¢. For a complete circular

loop A¢ =27 and

- I .
l; lIO eA
2R

Alternatively, first the magnitude of the field can be determined from

N
2R

B

Download free eBooks at bookboon.com



ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES SOURCES OF THE MAGNETIC FIELD

And then the direction can be determined from the right hand rule. When fingers are
wrapped in the direction of the current, the direction of thumb represents the direction

of the field. If the loop has N turns, then the magnetic field will be N times stronger and

B’: /JONI éA
2R

Example: Calculate the magnetic field due to a wire in the shape of an arc that is one sixth
of a circle of radius 0.2 m at the center of the circle when it carries a current of 4 A in a

clock wise direction. Assume the arc lies on the xy-plane.
Solution:
1 . ~
R=02m; A¢=g(2ﬂ') = %; e, =k (since the wire lies on the xy-plane)

I =—4 A (negative because the direction of the current is clockwise); B =?

47x1077 x(—4)x(”j
E=ﬂ0[A¢é — 3

A k==21x10°Tk
4R 47 x0.2
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Alternatively, the direction can be obtained from the right hand rule. When fingers are

wrapped in a clockwise direction, the thumb will point in the —& direction.

Example: Calculate the magnetic field at the center of a coil of radius 0.1 m and 100 turns
when it carries current of 2 A in a counter clockwise direction. Assume the coil lies in the
yz-plane.

Solution:

R=0.1m; N=100; ¢, =i (because the loop lies in the yz-plane)

I =2 A (positive because it is flowing in a counter clockwise direction); B =?

=4xx10* Ti

e ’UONIéA _ 47107 ><100><21¢
2R 2x0.1

Alternatively, the direction can be determined from the right hand rule. When fingers are
wrapped in a counter clockwise direction on the yz-plane, thumb will point in the direction

of the positive x-axis.

Example: Consider two concentric current carrying loops that lie on the xy-plane. The inner
wire has a radius of 0.3 m and carries a current of 5 A in a clockwise direction. The outer
wire has a radius of 0.4 m and carries a current of 2 A in a counter clockwise direction.

Calculate the net magnetic field at the center of the loops due to both wires.

Solution: Let the inner and outer wires be represented by subscripts 1 and 2 respectively.

R=03m;é, =k I, ==5A

77 _ n
£+I_z]=4”x—mk(o_§+ij=—7.33x1o-6 T /|

e =
2R R, 2 2 0.4
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Example: Consider the wire shown that carries a current of 0.6 A. Calculate the magnetic

field at the center of the arc.

0.05m

—I1=06A

Figure 11.2

Solution: The magnetic field at the center of the arc due to the straight wires is zero because

the point lies in the same lines as the wires. There is contribution only from the arc.

R=0.05m;/=-0.6 A; &, =—k; A¢:%;§:?
T
xi

47x1077 x(—0.6) . .
2 (lc):—1.9><10-6 T &

E — IUOIA¢ éA —
4R 47 %0.05

Example: Consider the wire shown that carries a current of 2 A in the direction shown.
The inner and outer arcs have radii 0.03 m and 0.05 m respectively. Calculate the magnetic

field at the center of the arcs.

P

ZA

Figure 11.3
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Solution: Let the inner and the outer arcs be represented by subscripts 1 and 2 respectively.
The magnetic fields due to the two straight wires is zero because the center of the arcs lies in

the same line as these wires do. The only contribution comes from the inner and outer arcs.

R =0.03m; &, = k; Ag=n; I, =2 A (positive because the current is flowing counter clockwise in the inner wire)
R, =005m;e,, = k; A¢,=m; I, =2 A (negative because the current is flowing clockwise in the outer arc)

B, =B +B,=?

ny

_ udAp, . u LAG, . k(1A LAG, 47z><107l€[ 27 —2;;) P
B= e, + 6, = + = + =84x10" Tk
4zR ' 4zR, ' 4z | R R, 4z \0.03 0.05
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Magnetic field on the axis of a current carrying circular loop

Consider a circular loop of radius R carrying current / on xy-plane centered at the origin.
Let the point at which the magnetic field is to be obtained be located on the axis of the
loop which in this case is the z-axis. Let the coordinate of the point be (0, 0, ). Then the
position vector of the point is 7 =ak. Let ds be an arbitrary small path element on the
circular loop. Let the angle formed between the position vector of ds and the positive x-axis
be @. Then the position vector of the path element d5 is 7'= Rcosgi + Rsing; . Therefore
7 —F'=ak—Rcos¢i —Rsing] and |77—F“:\/Rz—+az. The path element s is tangent to
the circle and thus its direction is along the tangential unit vector é¢ = —Sin(¢)f+cos(¢)j'
which implies that ds :ds[—sin(¢)f+cos(¢)}]. But ds = Rd¢ and this may also written
as dS=—singRdgp i +cosgRdj. Now d5x(7—F')=cospRadg i +singRadg ]+ R*d¢ k

and using Biot-Savart law the magnetic field at the point whose position vector 7 is given

= ud dsx(F-7F") w1

B= -[ = =P 2 2
[F—71 r(a’+R)

4r
components of this integral vanish because the integrals of cosine and sine over a full

2z 2 A r A ~
as 3/2_[ (cos¢Rad¢i+sm¢Rad¢] +R*d¢ k) . The i andj

0

revolution are zero. Therefore the magnetic field on the axis of a current carrying circular
u R*

B= )3/2 k. Even though in this particular case where the loop is on

wire is given as
2 2
Z(a +R

the xy-pane, the direction is L, generally, the direction is the direction of the area of the
plane of the loop (é A). So generally, it may be expressed as

u,I R

5o Y

2(a2+R
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In this formula, the current should be taken to be positive if the direction of the current is

counter clock wise and negative if thze direction is clockwise. Alternatively, first the magnitude
Ho 1] R

can be calculated from 8= N and then the direction can be determined from the

2(a?+R

right hand rule. When fingers are wrapped in the direction of the current, thumb represents
the direction of the field. A the center of the circular loop, since a =0, the magnetic field

. . =g /’l()]/\
is given as B="—"¢,.
g SR

Magnetic Field on the perpendicular Bisector of current carrying finite straight wire

Consider a wire that extends between z = -4 and z = 4 along the z-axis and carries a current
1. Let point where the magnetic field is to be obtained be on the perpendicular bisector of the
wire and let the perpendicular distance between the wire and the pointbe r | The perpendicular
bisector is the z = 0 plane or the xy-plane. Therefore any point on the perpendicular bisector
has the coordinate (x, 3 0). Let ds be a small path element on the wire as shown. Then
ds =dek, F'=zk,F=xi +yj =1, (cos(¢)f+sin(¢)j), F—F'=r (cos(¢)f+sin(¢)j)—zl€,

[F=F|=yz"+r> and d§x§ = ;1dz(—sin(¢)f +cos(¢)j’) = r| dzé where &, is a tangential
unit vector tangent to a circle of radius 7, centered at the origin passing through the point
in a counter clockwise direction. Now, from Biot-savart law, the magnetic field at the point

Lolj‘aﬁx(;?ff‘) U dz

is given by B=7- 77T =iz é¢jb(zz+r2)m which integrates to the following expression

for the magnetic field on the perpendicular bisector of a finite wire.

b],uo

2 2 é¢
27er fb +rJ_

B=
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Figure 11.4
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In using this formula, the current should be taken to be positive when it is flowing in
the positive z direction and negative when it is flowing in the negative z direction. ¢, is a
unit vector tangent to a circle concentric with the wire passing through the point. That is,
e, = cos(¢)f +sin(¢)}' where ¢ is the angle formedbbetween 7, and the x-axis. Alternatively,
first the magnitude can be calculated from =2m*l]:20+r2 and then the direction can be
determined from the right hand rule. When thumb points in the direction of the current

then direction of fingers represents the direction of the field at the given point.

Magnetic field due to a current carrying infinitely long straight wire

For an infinitely long wire, any point can be taken to be on the perpendicular bisector of
the wire. Therefore the field at any point can be obtained from the expression for the field
on the perpendicular bisector of a finite wire by taking the limit as & approaches infinity.

Therefore if the perpendicular distance between a point and an infinite current carrying
[

straight wire is 7, then the magnetic field at the point is given by - iim L L 5L which
1 l"’°°1272’rl 'b2+ri
simplifies to the following expression.
A
B= é¢
2xr |

In this formula, the current should be taken to be positive if the current is flowing in the

direction of positive z-axis and negative if it is flowing in the direction of negative z-axis.

Alternatively, the magnitude and the direction can be determined separately. The magnitude

is given b BzM. The direction
) is given by -7

1 r

of the field (B) at a point a perpendicular distance (r
can be obtained by considering the magnetic field lines. Since the direction of the field is
always tangent to a circle concentric with the wire, it follows that magnetic field lines due
to a current carrying infinitely long straight wire must be circles concentric with the wire.
The line tangent to the circular field line at the given point gives the line of action of the
magnetic field at the given point. To distinguish between the two possible directions of
the tangent line (related to clockwise or counterclockwise along the circle), the right hand
rule is used. If thumb is aligned along the direction of the current and fingers are wrapped
around the wire, the direction of the fingers represents the direction of the arrow along

the circular field lines.

Example: A long straight wire is carrying a current of 2 A to the right.
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a) Determine the magnitude and direction of the magnetic field due to the current in the

wire at a point 2 m above the wire (on the plane of the paper).

Solution: The direction of the field is tangent to a concentric circle passing through the
point. The plane of the concentric circle is perpendicular to the plane of the paper. That
means, the direction of the field is either perpendicularly in or perpendicularly out. To
distinguish between these two directions, the right hand rule can be used. When the thumb
is aligned to the right, the fingers are wrapped in a direction that comes out of the paper.

The direction of the field must be perpendicularly out (.).

I=2A;r =2m;B="

B:'UO I| =47r><10_7><2

2zr, 27rx2

T=2x107 T

B=2x10" T perpendicularly out (-) or B=2x10"k T

b) Determine the magnitude and direction of the field due to the current in the wire at a

point 4 m below the wire (on the plane of the paper).

Solution: The direction of the field is tangent to a concentric circle passing through the point.
The plane of the concentric circle is perpendicular to the plane of the paper. That means,
the direction of the field is either perpendicularly in or perpendicularly out. To distinguish
between these two directions, the right hand rule can be used. When the thumb is aligned
to the right, the fingers are wrapped in a direction that goes into the paper. The direction
of the field must be perpendicularly in (x).

I=2A;r =4m; B="?

I —7
Al 4rxio7x2 T= 2x107 T

B=
27””L 27w x2

B=2x10" T perpendicularly out (-) or B=2x10"k T
Example: A long straight wire is carrying a current of 5 A perpendicularly into the plane

of the paper. Determine the magnitude and direction of the field at a point 2.5 m to the

right of the wire.
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Solution: The direction of the field is tangent to a concentric circle passing through the
point. The plane of the concentric circle is the same as the plane of the paper. Therefore
the direction of the field is either north (towards the top of the paper) or south (towards
the bottom of the paper). The right hand rule can be used to distinguish between these
two directions. If the thumb is directed perpendicularly in, then the fingers are wrapped in

a clockwise direction. Therefore the direction of the field must be south.

[|=5A;r, =25m;B="

|| 4rx107 x5
2rr, 2w %x2.5

B T =4x107 T

B=4x10" TsouthorB=—4x10"; T

Example: Wire 1 and 2 penetrate the xy-plane perpendicularly on the x-axis at the origin
and at x=2 m respectively. Wire 1 carries a current of 4 A. Wire 2 carries a current of
2 A. If the directions of both currents are perpendicularly out of the xy-plane, calculate the

net magnetic field at a point on the x-axis midway between the wires.
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Solution: From the right hand rule the direction of the magnetic field due to wire 1 at the
point is north(l?1 :Blj'); and that due to wire 2 is south (Ez :—sz).

L=4AL=2Ar,=1mr,=1mB,, =

I u (47r><10 )

Blzzl 0 _ T=8x10"/ T
mll 27r
I i (2)(47z><10_7)

2=22 0 _ T=4x10"" T
o 27(1)

= = = A A A -7 =717 =74
B —B1+B2:B1<])—32]:(Bl—Bz)]:(8><10 —4x10 )]T:4><10 T

net

Magnetic Force between two infinitely long parallel current carrying wires

Consider wires 1 and 2 which are parallel to the z-axis separated by a perpendicular distance of &, ,.

Let wire 2 lie along the z-axis. Let El 5 be the magnetic field at the location of wire 1 due to wire 2

which isgiven by 3 B, 5 0;2 o Let [ = [k beapartof wire 1. Then the magnetic force exerted by the
T

field d ire 2 on thi . Fuwire 1is givenas Fip = 1.7 x By = 1. (1| 2072 5, |- o/ T2l (5

eld due to wire 2 on this part of wire 1 is givenas Fjp =1,/ x Bjp = ]( ) 2rd,, rnd, ( ><e¢.>

But 12><é¢ :lgx( sm(¢)z +cos(¢)]) (cos(¢)l +sm(¢) ) —é,, where ¢, is a unit vector

perpendicular to the wires directed from the wire exerting force (wire 2) to the wire being

. . dp
acted upon (wire 1). In other words é, = d_ where dy, is a vector perpendicular to the
12

wires whose tail is on the wire exerting force (wire 2) and whose head is on the wire being
- —,uOI 1.¢

acted upon (wire 1). Now the force can be written as Fp =—212-¢

2rd, But since the wires

are infinite, it makes more sense to deal with the force per unit length exerted by wire 2

on wire 1 which is given by

Fap _~Hhi1,
I 2rxdp

e
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When the wires carry currents in the same direction, the product 7,7, is positive and the
force exerted by wire 2 on wire 1 is attraction. And when they carry currents in opposite
directions, the product 7 /, is negative and the force exerted by wire 2 on wire 1 is repulsion.
The forces exerted by wire 2 on wire 1 and by wire 1 on wire 2 are action reaction forces
(F51 =—Fj5). It follows that the two wires attract each other when they carry currents in
the same direction and repel each other when they carry currents in the opposite directions.
Alternatively, first the magnitude of the force per unit length can be calculated from
%z% and then, the direction of the force can be determined from the fact that they
attract each other when the carry currents in the same direction and repel each other when

the carry currents in opposite direction.

Example: Two long parallel and horizontal wires are separated by a distance of 0.5 m on
the plane of the paper. The upper wire carries a current of 5 A to the right and the lower
wire carries a current of 8 A to the left. Determine the magnitude and direction of the

force per unit length exerted by the lower wire on the upper wire.
Solution: Since the wires are carrying wires in opposite directions, they repel each other.

Therefore the direction of the force exerted by the lower wire on the upper wire must

be north.

1, =5A;1,=-8A;d,=05m; F,/ | =?

L -

By _#lllL] _ 4mx107x5x8 (605 Nim
14 27d, 27x0.5

%zlﬁxlo5 N/m north or %:1.6x105jN/m

Practice Quiz 8.1
Choose the best answer

1. Consider a proton travelling to the right along the x-axis with a speed of
4e6 m /s. By the time the charge crosses the point located at x =0.00048 m,
calculate the magnetic field at a point located on the y-axis at y=9.6e-3 m.
A.899%e-16T k
B. 0
C.5.535¢-16 T k
D.6.918¢-16 T k
E. 7.61e-16T k
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2. Consider a proton travelling to the left along the x-axis with a speed of 7¢6 m /
s. By the time the charge crosses the point located at x =0.00072 m, determine
the direction of the magnetic field at a point located on the z-axis at z=5.7-3 m.
A.j
B.

C.k
D.-k
E. i

3. Calculate the magnetic field at the center of a circular coil of radius 0.061 m and
number of turns 200 that lies on the xy-plane if it carries a current of 4.6 A in a
clockwise direction.

A.-113715.354¢e-7 T k
B. -94762.795¢-7 T k
C.85286.515¢-7 T k
D.94762.795¢-7 T k
E. 113715.354¢-7 T k
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4. Consider two concentric circular wires on the xy-plane. The radii of the outer and
inner wires are 0.33 m and 0.081 m respectively. The outer wire carries a current
of 2.2 A in a clockwise direction and the inner wire carries a current of 3.3 A in
a counter clockwise direction. Calculate the net magnetic field at the center of
the wires.

A 214.094e-7 T k
B. 0
C.-297.87¢-7T k
D.297.87e-7 T k
E. -214.094e-7 T k

5. Consider a straight wire that extends from -0.83 m to 0.83 m and carries a current
of 5 A. Calculate the strength of the magnetic field on the z-axis at z = 0.72 m.
A. 6.295¢-7 T
B. 12.59¢-7'T
C.13.639¢-7 T
D.10.492¢-7' T
E. 9.442¢-7T

6. A long straight wire carrying a current of 5.5 A towards west lies along the x-axis
of an xy-coordinate plane. Determine the magnitude of the magnetic field at a
point located on the y-axis at y = -0.21 m.

A. 73.333e-7'T
B. 47.143e-7 T
C.36.667¢-7 T
D.41.905¢-7 T
E. 52.381e-7'T

7. A long straight wire penetrates the origin of an xy-coordinate plane perpendicularly.
If the wire carries a current perpendicularly into the plane, determine the direction
of the magnetic field at a point on the y-axis at y = -2 m.

A. perpendicularly in
B. south

C. east

D.north

E. west
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8.

Consider two infinitely long parallel wires A and B. Wire A lies along the x-axis
and carries a current of 7 A to the left. Wire B lies on the line y = 2 m and carries
a current of 8 A to the left. Calculate the magnetic field at a point located at y =
0.4 mon the y-axis.

A. -45¢-7 kT

B. 45¢-7 kT

C.-25¢-7 kT

D.25-7 kT

E.0

. Wire A lies horizontally on the x-axis of an xy-coordinate plane and carries a current

of 5.6 A to the right. Wire B is parallel to wire 4, lies 3.8 m above wire A on
the xy-coordinate plane and carries a current of 2.7 A to the right. Determine the
magnitude of the force per unit length exerted by wire A on wire B.

A. 6.189¢-7 N/ m

B.5571e-7 N/ m

C.3.714e-7 N/ m

D.4.333¢-7 N/ m

E. 7.427¢e-7 N/ m

10.Wire A lies horizontally on the x-axis of an xy-coordinate plane and carries a

11

current to the right. Wire B is parallel to wire 4, lies 6.2 m above wire A on the
xy-coordinate plane and carries a current to the right. Determine the direction of
the force per unit length exerted by wire A on wire B.

A. north

B. perpendicularly in

C. perpendicularly out

D.south

E. west

.Consider three infinitely long parallel wires A, B, and C. Wire A lies along

the x-axis and carries a current of /6 A to the right. Wire B lies along the line
y = 2.1 m and carries a current of 20 A to the left. Wire C lies along the line y
= 5.2 m and carries a current of 75 A to the left. Calculate the net force per unit
length exerted on wire B by wires A and C.

A.-77.849¢-7 j N/ m

B.-111.214¢-7 j N/m

C.-498.31¢-7 j N/ m

D.498.31¢-7 j N/m

E. 111.214¢-7 j N/ m
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Ampere’s Law
Line integral of Magnetic Field on a Path

Line integral of magnetic field on a certain path is the integral of the dot product between
an arbitrary small path element (ds) on the path and the magnetic field (E ) at the location

of the path element integrated over the entire path. Let the line integral be represented by
L. Then

If 0 is the angle formed between B and ds, then B-ds =Bds=B cos(8)ds and the line

integral may also be written as

L= IBcos(H)ds
path
1~ 1x

Example: The magnetic field in a certain region varies according to the equation B=—i +— j.
X

Calculate the line integral of the magnetic field on the straight line joining the point (1,2) m

to the point (2, 4) m.
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Solution:

= 1 14
(xlay]):(132); (XZ’yz):(234) m,B:;l +;‘],L:‘7

First let’s find the equation of the path which is a straight line. If (x,y) is an arbitrary

_f = % = 2. Therefore the equation of the line is y =2x.
x f— —

point on the line, then slope =

‘T 1 COC i d
L= J- B-ds = J. (_l T ]j (dxz +dy]) _[ [— +—yj subjected to the relationship y =2x .
(0.0 y o\ Y X

y=2x=dy=2dx. Therefore substituting for y and dy in terms of x

L= j(dx 2‘1’“) EH% %(ln(2)—ln(1)):51nT(2)=1.73Tm

Line integral of a constant magnetic field

If B is a constant, then it can be taken out of the integral and L= B- I ds. But
I ds = Ar = r —7, where 7 and 7 are the position vectors of the ending point ;;;21 starting
i’)azlnt of the path respectlvely. A¥ is the vector whose tail is at the initial point of the path
and whose head is at the final point of the path independent of the shape of the path.

Therefore the line integral of a constant magnetic field may be written as
L=B-AF =Bcos(0)|AF|

Example: The magnetic field in a certain region is given by B= (0.00Zf —0.005}’) T. Calculate
the line integral of the magnetic field on an arc of a circle centered at the origin that extends

from the point (0.2, 0) m to the point (0, 0.2) m

Solution:

=(0.0027 ~0.005) T, 7 =(0.2,0) m=0.2i; 7, =(0,02) m=0.2j; L=?

L=B-AF =B-(F, —#)=(0.002{ ~0.005])-(0.2j~0.27 ) Tm =-0.0014 Tm
Ampere’s Law

Ampere’s law states that the line integral of the magnetic field on any closed path is

proportional to the total current crossing the closed path.

[ﬁ B.ds = #yl
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Where [ represents the total current crossing the closed path. This integral should be done
in a counter clockwise direction. The current is taken to be positive if its direction is related
to a counter clock wise direction in applying the right hand rule and negative if its direction
is related to a clock wise direction in a applying the right hand rule. For example if the
closed path lies on the xy-plane, a current flowing in the direction of the positive z-axis
will be taken to be positive because when thumb points along the positive z-axis, fingers
will be wrapped in a counter clock direction; and a current flowing in the direction of
the negative z-axis is taken to be negative because when thumb points along the negative
z-axis, fingers have to be wrapped in a clock wise direction. This means the usual positive
direction (right, up) are taken to be positive and the usual negative directions (left, down)

are taken to be negative.

Example: The magnetic field in a certain region is 4/ 4T wheny >0 and —27 4T when y <0.
Calculate the total current that crosses the rectangular path whose corners are located at the

points A(-0.05,-0.03) m, B(0.05,-0.03) m, C(0.05,0.03) m and (-0.05,0.03) m.

Solution:

Uj B.ds = 'UOI

(Remember the integral has to be done in a counter clockwise direction)

[ﬁé.dgz IE-d§+ J- B.-ds+ J- B-ds+ J- B-ds
AB BC CD DA

The line integrals on paths BC and DA are zero because the field and the path are

perpendicular to each other.
~([1Bds=[B-ds+ | B-ds
AB CD

[ B-ds=B,,-AF, but A7, =0.1i mand B, , =—2x10°/ T
AB

y<0
jé-d§=—2x10-7 Tm
AB

B-ds =B, A, ButAi, ==0.1i mand B ., =4x1077 T

3—

jé-cﬁ:—4x104 Tm
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The negative sign means the direction of the current is perpendicularly into the xy-plane

(or in the —k direction)

Example: The magnetic field on the xy-plane varies on the distance from the origin r according

3x10°° . A . . .
é, where ¢, is a tangential unit vector. Calculate the total current crossing a

the equation B=
r

circular path of radius 0.004 m centered at the origin.
Solution:

r=0.004m;1="?

6 -6
For a circular path centered at the origin ds = dse,. Therefore B-ds :ﬂ% -dsé, = 3x107ds
r r

-6 -6 -6
affy Bats = g1 = 2B 2O g 3O 610 Tm
r r r

126;z><10*6

— A=15A (Positive current means the direction of the current is perpendicularly

4710
out of the xy-plane or in the k direction)

*I studied
English for 16 4
years but... .
...I finally
learned to
speak it in jus
Six lessons”

Jane, Chinese architect

OUT THERE

Click to hear me talking

before and after my

unique course download

Download free eBooks at bookboon.com

Click on the ad to read more

186


http://s.bookboon.com/EOT

Applications of Ampere’s law
1. Magnetic field due to an infinitely long current carrying straight wire

The following conclusions can be inferred from symmetry: a) The magnetic field lines must
be circular lines concentric with the wire. b) The magnitude of the magnetic field on a

circle concentric with the wire must be constant.

Consider a wire penetrating the plane of the paper perpendicularly. Even though the choice
of the closed path is arbitrary, it should be chosen in such a way as it simplifies the problem,
In this case it is easier to choose the closed path to be one of the concentric circular field
lines. Let the radius of this circle be 7,. Since the field is tangent to the field lines, on this
path B and d5 the same line of action. ds = dse; where ¢, is a counterclockwise tangential
unit vector and B = B, where B is the component of the magnetic field in the direction

of é¢. B, is positive (negative) if the direction of the magnetic field lines is counterclockwise

(clockwise). Now B-ds = B,ds and applying Ampere’s Law, IﬂBsds—Zﬂ'riBs = u,I where [ is the

. . I . .
current in the wire. Therefore B, =2’HL and the vector magnetic field is given as
zr,
- I .
B=1b e,
27,

Which is the same with the expression obtained in previous section using Biot-Savart Law.

2. Magnetic field inside a solenoid

A solenoid is a coil. The following conclusions can be made about a solenoid from symmetry:
a) The magnetic field just outside a solenoid is approximately zero. b) The field inside a

solenoid is approximately constant & parallel to the axis of the solenoid.
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Let the number of turns of the solenoid be /V and let its length be / Let the current be /1.
To take advantage of the symmetries, the closed path is chosen to be a rectangle with one
of the side inside (parallel to its axis) and the other outside (both sides being parallel to the
axis of the solenoid). This closed path is being crossed by the wires /V times. Therefore the
net current crossing the closed path is /V time 7/ and from Ampere’s law. I]jgra@ = uyNI. The
integral is zero on the side that lies outside the solenoid because the field is approximately
zero over there. The integral is also zero on the sides that are perpendicular to the axis
of the solenoid because outside B=0 & inside B andds are perpendicular to each other
(Bdscos90° =0). Therefore the non-zero contribution comes only from the side inside the
solenoid that is parallel to the axis of the solenoid. On this path, B=B.¢é, and ds = dsé,
where ¢, is a unit vector in the direction of the cross-sectional area of the solenoid and B, is
the component of the field in the direction of é,. Now B-ds = B.ds and applying Ampere’s

- 7 . ..
law @BW = DstdS =Byt = NI, Therefore, B, = % and the vector magnetic field is given as

Mo NT

g,

In using this formula, the current is taken to be positive (negative) if it is flowing in a
counterclockwise (clockwise) direction. The direction of the magnetic field and the direction
of the current are related by the right hand rule; That is, when fingers are wrapped around

the solenoid in the direction of the current, thumb will point in the direction of the field.
,u0N|1 |

Therefore, alternatively, the magnitude of the magnetic field can be obtained from B =
and then the direction of the field can be determined from the right hand rule. Customarily
the ratio % (which is number of turns per a unit length) is denoted by 7 and this formula

may also be written as B =y nl.

Example: A solenoid of length 0.05 m has 200 turns. It carries a current of 9 A. The direction

of the current is clockwise as seen from the side of its right end.
a) Calculate the field inside the solenoid.

Solution:

/=005m;N=200;/=9A;B="?

HoNT 47 %1077 x200%9

T=45%x10"T
¢ 0.05

B=
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b) Determine whether its North Pole is its right end or its left end.

Solution: When the fingers are wrapped around the solenoid in a clockwise direction as
seen from the right end, the thumb points towards the left. Therefore the direction of the
field must be towards the left. And since magnetic field lines come out of the North Pole,
the North Pole is the left end.
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3. Magnetic field inside a toroid

A toroid a circular magnetic material with electric wire wound around it. From symmetry,
the following conclusions can be inferred: a) The field inside the toroid is approximately
constant b) The field lines inside the toroid are circles concentric with the center on the
toroid. Let its radius be R, number of turns be NV and current be 7. Let’s choose the closed
path for applying Ampere’s law be a circle (concentric with its center) inside the toroid.
Since the field lines is also circular B (which is tangent to the circle) and d&s have the
same line of action. On this path, B= B.é, and ds = dse, where ¢, is a counterclockwise
tangential unit vector (which is in the direction of the cross-sectional area of the toroid
at any point) and B, is the component of the field in the direction of ¢;; and B.5 = Bds

. This closed path is being crossed /V times by the coils and thus the net crossing current

7 NI
is V1. Applying Ampere’s law, [ﬁBMTUjBSds =B, (27R) =4y N Therefore B, = 'L;O 7 and the

T

vector field is given as

-,

- 27R

In using this formula, the current is taken to be positive (negative) if the current is
flowing in a counterclockwise (clockwise) direction around the toroid. The direction
of the field inside a toroid (that is whether clockwise or counterclockwise) is related
with the direction of the current by the right hand rule. If fingers are wrapped around
the toroid in the direction of the current then thumb will point in the direction of
the field. Therefore, alternatively, the magnitude of the field can be determined from

B:ﬂONIII

L and then the direction of the field can be determined from the right hand rule.
T

4. Field due to an infinitely long thick cylindrical wire

Consider a cylindrical wire of radius R carrying current /. The fields inside and outside will

be treated separately.
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a) Magnetic field outside wire (r > R): From symmetry, the field lines are circular lines
concentric with the cylinder and the magnitude is constant on this circle. Taking the closed
path to be one of these circles, the current crossing the loop is Z; and the path element ds
and field B have the same line of action. On this path, Z_é:BSé¢ and ds = dse, where ¢, is
a counterclockwise tangential unit vector (which is in the direction of the cross-sectional

area of the toroid at any point) and B, is the component of the field in the direction of

- it I
é¢; and B. ds = Byds. Therefore [ﬁB-dS"’:mBsds=Bv27zr =u I. Therefore, B, = o and
! 1 0 § 27zrl
the vector field outside the cylindrical wire is given as

Mol

2xr il

B=

€

b) Magnetic field inside wire (r | < R): Even though the same symmetry conditions apply,

now with the circular closed path of radius r < R, only part of the current crosses this
I

closed path. If the current density is /, then J :? (remember [ =JA). If [ 1 is the
Vs

2 1 1 1

2
current crossing the circular path of radius r <R, then ; _ ;2 :( ! 2Jm2 - 1(%) . Now
ad 7R
D‘:Ié-cﬁzzzzrlBs =uyl | = u, izl and the field inside the wire is given as
R
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Modification of Ampere’s Law

Ampere’s law which states that the integral of B-d5 along a closed path is equal to H times
the current crossing the closed path, was deduced by Ampere experimentally. But when
Maxwell was developing the theory of electromagnetism, he found it necessary to include
another kind of current in Ampere’s law to make it consistent with the theory, this new kind
of current is called displacement current (I 0 ) With this new type of current, the modified
Ampere’s law is written as [| | B.ds = 4, (I +1 ) Maxwell found that the displacement current

is proportional to the rate of change of electric flux with time; that is /) =¢ —E where

0 dt
¢E = I E A stands for the electric flux.

Therefore the modified Ampere’s law can be written as

. d¢
[ﬁ_B.dg:yo (]+80 Tf]
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A very good example of a displacement current is the kind of current that exists between
the plates of a parallel plate capacitor. Consider a charged capacitor connected to an
external resistor. Current will flow in the circuit until the capacitor is fully discharged. Even
though the plates of a capacitor are separated by an insulator, current flows continuously
in the circuit. This is because there is a different kind of current between the plates of the
capacitor that is called displacement current. The charge in the plates decreases, giving rise
to a non-zero rate of change of electric flux % :%( EA) = A‘il_f. Actually it can be shown
that the displacement current between the plates is equal to the traditional current in the
wire. Between the plates of a parallel plate the area and the field are parallel (They are both
perpendicular to the plates. Using Gauss’s law, it can be shown that the electric field inside
is given in terms of the charge density (o) as £ = gi If the total charge in the plate is

Q, then o = 2 where A is the area of the plates and the electric field may be written as

E Z%. Therefore ¢E :J‘E.HZZEAZgQ and hence the displacement current is given as
0 0

AN y
[ =g 9%, /%) _dO which is equal to the traditional current /.
dt dt dt

Gauss’ Law for Magnetic Field

Magnetic Flux

Magnetic Flux is a measure of the amount of magnetic field that crosses a certain area

perpendicularly.

Consider a small area element dA (Remember area is a vector quantity whose direction is
L to the plane of the area. When right hand fingers are wrapped around the area, a thumb
gives the direction of the area). If the magnetic field at the location of dA is E, then the
magnetic flux is defined to be B 1 dA where B I is the component of the magnetic field that

crosses the area perpendicularly.

If the angle between dA & B is 0, then BJ_ =Bcos@ and the flux (d¢B ) is given by
d¢B =Bcosl dA= B[d;i The total lux (¢B ) crossing a certain area is obtained by integrating

this on the whole area.

¢B=jé~d2
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If B and O are constant over the entire area, B can be taken out of the integral and

#y=B-[dA. Or

¢, =B-A=BAcos(0)
The unit of measurement for magnetic flux is Tm?* which is sometimes called the Weber.
Example: Consider a circular loop of radius 0.04 m on the plane of the paper.
a) Determine the magnitude and direction of the area of the loop.
Solution: The direction of the area can be obtained from the right hand rule. When fingers
are wrapped around the loop in a counter clockwise direction, thumb points perpendicularly
out. Thus the direction of the area is perpendicularly out from the plane of the paper (.).
r=0.04m;A="?

A=7r? =3.14x0.04* m* =0.005 m’

A=0.005k Tm?> =0.005 Tm’ perpendicularly out (+)

b) Calculate the magnetic flux crossing the loop, when the loop is in a 5 T field directed
to the right.

Solution: Since the field is parallel to the plane of the loop and the direction of area is
perpendicularly out, the angle between area and field is 90°.

B=5T; 0=90% ¢, =?

¢, = BAcos(6)=5x0.005c0s(90°) =0

c) Calculate the magnetic flux crossing the loop when it is in a 2 T field that penetrates

the loop perpendicularly out.

Solution: Since both the area and the field are perpendicularly out, the angle between area

and field is zero.
B=2T,0=0% ¢, ="?

¢, = BAcos(6)=2x0.005cos(0) Tm* =0.01 Tm’
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d) Calculate the magnetic flux crossing the loop when a 0.4 T field penetrates the loop

perpendicularly in.

Solution: Since the area is perpendicularly out and the field is perpendicularly in, the angle

between the area and the field is 180°.
¢5 = BAcos(6)=2x0.005cos(0) Tm* =0.01 Tm’

¢, = BAcos(60)=0.5x0.005cos(0) Tm* =-0.0025 Tm’

Gauss’ Law for Magnetic Field
Gauss’ law for magnetic field states that the magnetic flux crossing any closed surface is zero.
B-dA=0

closed
surface
This is basically a statement of the fact that magnetic field lines do not originate or sink

anywhere but form complete loops.
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Practice Quiz 8.2
Choose the best answer

1. Which of the following is a correct statement?

A. The magnetic field due to a current carrying solenoid just outside the solenoid
is approximately zero.

B. The magnetic field lines due to a current carrying solenoid inside the solenoid
are circles concentric with the axis of the solenoid.

C.Two long straight wires repel each other if they are carrying currents in the
same direction.

D.Ampere’s law states the magnetic force between two current carrying wires
is inversely proportional to the square of the perpendicular distance between
the wires.

E. The magnetic field strength a point inside a solenoid is inversely proportional

to the perpendicular distance between the point and the axis of the solenoid.

2. Which of the following statements is a correct statement?

A. The line integral of the magnetic field along any closed path is proportional to
the total current crossing the closed loop.

B. The magnitude of the magnetic field at a certain point due to an infinitely
small element of a current carrying wire is inversely proportional to the distance
between the path element and the point.

C. Displacement current is proportional to the rate of change of magnetic flux.

D.The surface integral of the magnetic field on a closed surface is proportional to
the total magnetic moment enclosed inside the closed surface.

E. The direction of the magnetic field at a certain point due to an infinitely small
element of a current carrying wire is directed along the position vector of the

point with respect to the path element.

3. The magnetic field in a certain region is given by B = (15.6 i + 14.6 j) T.

Calculate the line integral of the magnetic field from the origin to the point
(0, 0.053) m along the straight line joining them.
A.0.929mT
B.-0.929m T
C.0774mT
D.-0.774 m T
E. 0
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4. The magnetic field in a certain region is -7.44e-6 j T if x is less than zero
8.54e-6 j T if x is greater than or equal to zero. Calculate the total current
crossing a rectangular region whose corners are located at (-0.083, 0) m,
(0.083, 0) m, (0.083, 0.67) m and (-0.083, 0.67) m.

A. 8.52 A perpendicularly in
B.0

C. 8.52 A perpendicularly out
D.6.816 A perpendicularly in
E. 6.816 A perpendicularly out

5. The magnetic field in a certain region varies according to the equation
B = 1.81¢-6 /"7 e, Calculate the total current the crosses a circular region of
radius 0.75 m centered at the origin.

A. 8.422 A perpendicularly out
B. 8.422 A perpendicularly in
C. 6.738 A perpendicularly out
D.6.738 A perpendicularly in
E. 0

6. Wire A is carrying a current of / A perpendicularly into the x-y plane through
the point (1, 0) m. Wire B is carrying a current of 7 A perpendicularly into of
the x-y plane through the point (2, 0) m. Wire C is carrying a current of 75 A
perpendicularly out of the x-y plane through the point (3, 0) m. Calculate the line
integral of the magnetic field due to the currents on a circular path of radius 7.5
m centered at the origin.

A. 28.903¢-6 m T
B.0

C.8.796e-6 m T
D.-1.257e-6 m T
E.-10.053¢-6 m T

7. A solenoid is placed horizontally. It carries a current which is counter-clockwise
as seen from the right end. Determine direction of the magnetic field inside
the solenoid.

A. north

B. east

C. perpendicularly into
D.west

E. south
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8. A solenoid has a length of 0.07 m and has 200 turns. The field inside the solenoid
is found to be 2.5¢-3 T. Determine the current of the solenoid.
A. 0.627 A
B. 0418 A
C.0.696 A
D.0.905 A
E. 0.836 A

9. A toroid with a radius of 0.7 m has 450 turns. Calculate the current flowing in
the toroid of the magnetic field inside the toroid is found to be 7.4e-2 T.
A 115111 A
B. 106.889 A
C.82222 A
D.74 A
E. 98.667 A
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10.There is a current density of 2.3e4 A m” in an infinitely long coaxial cable of radius

11

2.7e-2 m whose axis lies along the x-axis. Calculate the magnitude of the magnetic
field at a point located at (6.6, 0.73) m.

A. 11.545¢-6'T

B. 14.432¢-6 T

C.15875¢-6T

D.10.102¢e-6'T

E. 20.204¢-6'T

. The plates of a parallel plate capacitor have an area of /. /¢-6 m? and are separated by

a distance of 0.003 m. As the capacitor is charged, the current decreases according

to the equation / = 3.3e-9 ¢’%

Calculate the rate of change of the electric field
between the plates after 4.57¢-9 seconds.

A. 0.418¢8 N/C/s

B. 0.679¢8 N/ C/s

C.0.522¢8 N/ C/'s

D.0.313¢8 N/ C/s

E. 0478 N/C/s
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9 FARADAY'S LAW

Faraday’s Law states that whenever the magnetic flux crossing a loop changes with time, there

will be an induced emf (&) which is equal to the negative rate of change of magnetic flux

a9y
di

Where ¢, is the magnetic flux crossing the surface enclosed the loop. If the resistance of
the loop is R, then induced current 7, = £ will flow in the circuit. If the induced emf is
positive (negative), the current will flow in a counterclockwise (clockwise) direction. That
means the current flows in a clockwise (counterclockwise) direction when the magnetic flux

crossing the loop increases (decreases).

The average induced emf (&) over a time interval Az can be obtained by integrating the
t+At t+At

induced emf over the time interval and dividing by the time interval: z - AL edi = _AL ddy 4
t t dt

and the average induced emf is given by

E——A¢B __(¢Bf _¢Bi)
At At

Where ¢, and ¢, stand for the initial and final magnetic flux crossing the loop respectively.
Example: A rectangular loop of sides 0.02 m and 0.04 m is placed in a region where there is
a 6 mT field penetrating the loop perpendicularly in. The strength of the field is increased
to 9T in 0.2 seconds.

a) Calculate the average induced emf in the loop.

Solution: The direction of the area is perpendicularly out. Therefore the angle between the
area and the field is 180° because the direction of the field is perpendicularly in. The area
and the angle remain the same. Only the field strength changes.

w = 002m; [=004m (4 =4,=wl); B=6T; B,=9T; 6,=0,=180% At=02s; £=?

4,=4,=wl = 0.02x0.04 m* =0.0008 m’

¢y = B Acos(6)=6x0.0008cos(180°) Tm? =—0.0048 Tm?
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By =B, A,c08(6, ) =9x0.0008cos(180°) Tm? =-0.0072 Trm?

S Dby by =ty 0.0072--00048 o
At At 0.2

b) If the loop has a resistance of 10 ohm, calculate the induced current in the loop. Is the current

Sflowing clockwise or counter clockwise?

Solution: Since the induced emf is positive, the current is flowing counter clockwise.

R=10Q;1,,="

=5 2292 40012 A
R 10

n

Example: A square loop of side 2 m is placed in a region where there is a 5 T field whose
direction is perpendicularly out of the plane of the loop. Its shape is changed to a circle
in 0.5 s.

/

Leadiny
% Maastricht University s Learnin’

Join the best at
P 5. N - 33" place Financial Times worldwide ranking: MSc
the Maastricht University International Business

+ 1% place: MSc International Business
M + 1% place: MSc Financial Economics
SChOOI Of Bus' ness a nd . 2" place: MSc Management of Learning
. - 2" place: MSc Economics
Econom |CS! - 2" place: MSc Econometrics and Operations Research
- 2" place:MSc Global Supply Chain Management and
Change

Sources: Keuzegids Master ranking 2013; Elsevier ‘Beste Studies’ ranking 2012;
Financial Times Global Masters in Management ranking 2012

Maastricht
University is
the best specialist
university in the
Netherlands
(Elsevier)

Master’s Open Day: 22 February 2014

www.mastersopenday.nl

Download free eBooks at bookboon.com

Click on the ad to read more

201


http://www.mastersopenday.nl

a) Calculate the average induced emf in the loop.

Solution: The angle between the area and the field is zero because the direction for both of
them is perpendicularly out. The field strength and the angle remain the same. Only the

area is changing. As the shape changes, the perimeter (length of the wire) remains the same.

2
If the side of the square is w and the radius of the circle is r, then 4w=27zr and r :—W.
T

w=2m; B =B,=5T; 6'i=9f=0; At=05; =7

Al.=w2=2><2m2=4m2

2 2 2
A, =7r’ = ”[Z_Wj =P e = s
’ T T T

$y = B Acos(0)=5x4cos(0) Tm? = 20 Tm’

by = B, Acos(0

f)=5><5.1cos(0) Tm? = 25.5Tm?

z =_¢Bf_¢Bi =_25.5 - 20 V = —IIV
At 0.5

b) Is the induced current flowing clockwise or counter clockwise?
Solution: It is lowing clockwise because the induced emf is negative.

Example: A square loop of side 0.2 m is placed in a 4 T field that is parallel to the plane of
the loop and directed to the right. The loop is rotated about its right side by 90° in 0.4 s so
that the plane of the loop is perpendicular to the field. Calculate the average induced emf.

Solution: Initially the direction of the area is perpendicularly out. Thus, the initial angle is
90° because the field is parallel to the plane of the loop. As the loop is rotated, the direction
of the area becomes parallel to the plane of the loop directed towards the right (as seen
from the right). Therefore the final angle is zero because the field is also directed to the
right. The magnitude of the area and the field strength remain the same.

w=02m (4 =4,= wh; B =B,=4T, 6,=90°% 0,=0; At=04s; £ =7
A=A, = W= 02’ m?=0.04 m?
@ = B.A cos(6) = 4x0.04c0s(90°) Tm*> =0
Gy = B, A, cos(0,) = 4><0.04COS(0) Tm?*=0.16 Tm?

gotr 01620 44y

At 0.4
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Example: A loop of radius 0.05 m is placed around a solenoid of radius 0.04 m in such a
way that it is concentric with the axis of the solenoid. The solenoid has 300 turns, is 0.06
m long and carries a current of 4 A in a clockwise direction as seen from the right (its axis

is horizontal). The current is turned off in 0.004 seconds.

a) Calculate the average induced voltage in the loop enclosing the solenoid.

Solution: The magnetic field crossing the loop is that due to the solenoid. The field due
to a solenoid is approximately zero outside the solenoid. Thus it is only the part of the
loop that intersects the solenoid that is being crossed by a magnetic field. This means, in
calculating the flux of the loop, the cross-sectional area of the solenoid and not the area of

’uO—NI. The direction of

the loop should be used. The field inside a solenoid is given as B =
the area of the loop as seen from the right is to the right. From the right hand rule, the
direction of the field inside the solenoid is to the left. Therefore the angle between the area

and the field is 180°.

N=300;/ = 006 m; I, =4 A; I,=0;,r =0.04m 91.:9/,:1800; At = 0.004s; € =7

4= A, = 7r’ = 3.14x0.04" m* =0.005 m?

B =uaﬂ = 4x3.14x10’73ﬂx4T =25x102T
/ 0.06

B.=u ﬂ],: 4x3.14x1077 x 300 0T =0T

STy 0.06

@ = B.A cos(6) = 2.5x107 x0.005c0s(180°) Tm?> =-1.25x10"" Tm?

by = B, 4 cos(0,) = 0x0.005c0s(180°) Tm*> =0 Tm?

_ ) _ —4
go T O 0=TL29A0T g g0y
At 0.004

b) Is the induced current in the loop flowing clockwise or counter clockwise as seen from

the right?

Solution: Since the induced voltage as seen from the right is negative, the direction of the

induced current as seen from the right is clockwise.
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES FARADAY’S LAW

Example: A square loop of side 0.2 m on the xy-plane is placed in a region where there is a magnetic
field that varies with time according to the equation B =3cos(100¢)i +3sin(100¢) j +10e 'k .

Obtain an expression for the induced emf as a function of time.
Solution: Since the loop is in the xy-plane the direction of its area is £.
w=02m (d=w"); &(t)=?
A=0.2%k m® =0.04k m’
¢, =B A= (E =3cos(100£)7 +3sin(100¢) ] + 10e—5f1€).(0.041€) Tm? =0.4¢™™ Tm?

o dg, _ d(0.4e"5’ Tmz) eV

dt dt
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Motional emf

Motional smf (Sm) is induced voltage produced by the motion of a rod in a U-shaped
conductor placed in a magnetic field. The rod and the closed end of the U-shaped conductor
form a loop. As the rod moves, the area of this loop changes resulting in the change of the
magnetic flux crossing the loop which produces induced voltage. This induced voltage is called
motional emf. Let’s assume that the direction of the magnetic field is perpendicularly out of
the plane of the U-shaped conductor. As the rod moves along the U-shaped conductor, its
position (x) changes as a function of time. If the length of the rod is ¢, then its area at a

particular time is 4(¢)=¢ x(t). Therefore, the magnetic flux crossing the loop at a certain

time zis ¢, = A(1)B=¢€ x(t)B and thus 5, =—¢ Bd);(f) ~1Bv where v is the speed of the

rod. If only the numerical value is of interest, then
l€,,| = Béy

Example:A rod of length ¢ and mass m is placed in a U-shaped conductor where there is
a magnetic field whose strength is B and whose direction is perpendicularly into the plane
of the U-shaped conductor. Then it is released initial speed Vo from a U-shaped. If its
resistance is R, find an expression for its speed and position (assume it started at x =0) as

a function of time.

Solution: As the rod moves, there will be an induced current in the rod. A current carrying

rod in a magnetic field is acted upon by a magnetic force (F} ). Form the right hand rule,

it can be shown that this is a resistive force: F =-1, déB. Applying Newton’s second law,
F=ma=m% - ZB. Butys = n _ BY Therefore m4¥ = B g Lt yordv_ _B*2 dt- Integrating,
dt R R d R v mR

2 2
jd_V:_B e J' dt'=—BC ¢ and the speed of the rod as a function of time is given as
(Y mR mR

BZ 2
v(t)=v o€ mR

e <0 ‘
And since, v= ? j :J-v ¢ ds which gives the position of the rod as a function of
time as 0
(1)==2 il e
x(t)= —e M
B%?
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Practice Quiz 9.1
Choose the best answer

1. Which of the following is a correct statement?

A. Magnetic flux crossing a loop is defined to be the product of its area and the component
of the magnetic field crossing the loop parallel to the plane of the loop.

B. Magnetic flux is a vector quantity.

C. Direction of area of a loop is perpendicular to the plane of the loop.

D.The unit of measurement for magnetic flux is Tesla/ meter 2.

E. Faraday’s law states that whenever the magnetic flux crossing a loop changes, an
induced magnetic field is produced in the loop which is equal to the negative

rate of change of flux with time.

2. Which of the following is a correct statement?

A. Direction of the area of a loop can be obtained from the right hand rule as the
direction of the thumb when fingers are wrapped around the loop in a counter-
clockwise direction.

B. Direction of the area of a loop can be obtained from the right hand rule as the
direction of the thumb when fingers are wrapped around the loop in a clockwise
direction.

C. If the magnetic field crossing a loop is perpendicular to the plane of the loop,
then the magnetic flux crossing the loop is zero.

D.If aloop on the xy-plane is penetrated by a magnetic field directed perpendicularly
out of the plane, then the magnetic flux is negative.

E. All of the other statements are correct.

3. A square loop of side 0.36 m is placed in a region where there is magnetic field of
strength 79 T directed out of the plane of the loop making an angle of 20° with
the plane of the loop. Calculate the magnetic flux crossing the loop.

A.0.359T m?
B.0.161 T m~
C.1.011' T m~?
D.0.842T m*
E.71.174T m~?
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES FARADAY’S LAW

4. A circular loop of radius 0.67 m is placed in a region where there is a magnetic
field of strength 77 T directed perpendicularly into the plane of the loop. The
magnetic field is decreased to 2 T in 0.04 seconds. If the resistance of the loop is
10 Ohm, determine the average current induced in the loop.

A.-76.77 A

.-63.26 A

.-47.385 A

.-32.589 A

.-52.885 A

Mg 0w

5. A square loop of side 0.45 m and resistance 2 Ohm is placed in a region where
there is a magnetic field of strength 74 T directed perpendicularly into the plane of
the loop. If the shape of the square is changed to a circle in 0.8 seconds, Determine
the average current induced in the loop.

A. 0.588 A
B. 0.484 A
C.0324 A
D.0.171 A
E. 0.686 A
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6. A square loop of side 0.56 m is placed in a region where there is a magnetic field
of strength 2 T which is parallel to the plane of the loop. The loop is rotated by
90° in 0.8 seconds so that the plane of the loop is perpendicular to the field, If the
resistance of the loop is 4 Ohm, calculate the average current induced in the loop.
A.0.297 A
B.0OA
C.0.196 A
D.0.354 A
E. 0.238 A

7. A U shaped conductor is placed in a region where there is a 8.3 T magnetic field
directed perpendicularly out of the plane of the U shaped conductor. If 18 V of emf
is induced when a rod of length 7 m slides on the U shaped conductor, calculate
the speed with which the rod is sliding.

A.3244 m/s
B.2.169 m/s
C.1.307 m/s
D.1.906 m /s
E.2.812m/s

8. The magnetic field in a certain region varies according to the equation
B = 0.12 cos (500) i + 0.12 sin (50t) j + 4.8 ¢>" k. Calculate the voltage induced
after 1.2e-3 seconds in a circular loop of radius 0.02 m on the xy-plane.

A. -43.243¢e-3V

. -24.843e-3 V

.-17.566¢-3 V

.-30.575¢-3 V

. -48.431e-3 V

Mg O W

9. A rod of mass 0.47 kg and length 0.2 m is placed in U shaped conductor (with its
open end to the right) placed in a region where there is a magnetic field of strength
0.61 T which is perpendicular to the plane of the conductor. The resistance of the
rod is 30 Q. If the rod is pushed to the right with an initial velocity of 10 m /s,
then the velocity of the rod after 4.2 seconds is
A. 1243 m/s
B.1.429 m/s
C.13.512m/s
D.7.305 m/s
E. 9.956 m /s
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10.A solenoid of length 0.055 m, radius 0.03 and number of turns 770 is carrying
a current of 2.3 A. A circular loop of radius 0.1 m is placed around the solenoid.
If the current in the solenoid is reduced to zero in 0.065 seconds, calculate the
average emf induced in the loop.
A. 3.886e-4 V
B. 3.256e-4 V
C.5.964e-4 V
D.2.811e-4V
E. 4.305¢-4 V

Expressing Faraday’s law in terms of electric field

Induced voltage due to rate of change of magnetic flux is an &mf because its is voltage
created by converting non-electrical energy to electrical energy. Emf is defined to be work

done by the source per a unit charge | ¢ =—> and the work done by the source is given by
v qJ E.ds

W= qIE -ds where E is electric field due to the source. Thus, 5= _ [E.dg. Therefore,

s _
q q

for a closed loop, Faraday’s law can be written as

- d
g:[ﬁE-cE:—ﬁ
dt

From Faraday’s law, we see that the electric field due to a source (as opposed to due to a
charge) is not conservative. Because if it was conservative, the integral of the electric field

over a closed path would be zero.
Example: Consider a solenoid of length ¢, number of turns N and radius R. It carries a

current / which varies as a function of time. Obtain an expression for the electric field at

a point a perpendicular distance r from the axis of the solenoid where r | >R
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ELECTRICITY AND MAGNETISM: UNIVERSITY

PHYSICS II-PART 1: NOTES AND EXERCISES FARADAY’S LAW
Solution: From symmetry the following conclusion can be made: a) the electric field lines
should be circles concentric with the axis of the solenoid. b) the magnitude of the electric
field at points on a circle concentric with the axis of the solenoid should be constant.
Let’s choose our path for applying Faraday’s law to be a circle concentric with the axis
of the solenoid of radius r >R ds =dse, and E =Eé, where ¢, is a counterclockwise
tangential unit vector and E is a component of the electric field in the direction of é,.
E-ds = Egds and the magnetic flux ¢, = B A=7R’B, = 7R’ ('UOT{VIJ Now applying Faraday’s
law UjEdE:ES D‘]dszszS =—%:—Mﬂ which implies g __MNRdl Therefore

dt 0 dt 2r,  dt

the vector electric field is given as
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The electric field is proportional to the rate of change of current with time. In using this
formula the current should be taken to be positive (negative) if the current is flowing
counterclockwise (clockwise). If the current is flowing counterclockwise, the direction of the
electric field will be clockwise (counterclockwise) if the current is increasing (decreasing). If
the current is flowing clockwise, the direction of the electric field will be counterclockwise

(clockwise) if the current is increasing (decreasing).

Lenz’s Rule

Lenz’s rule states that the direction of the induced current is in such a way as to oppose
the cause. If the cause of the induced current is an increase (decrease) of magnetic flux, the
direction of the induced current will be in such a way as to decrease (increase) the magnetic
flux. For example if an increase in magnetic field is the cause for the increase in magnetic
flux, then the direction of the induced current should be in such a way that its induced

field opposes the external field so that the magnetic flux decreases.

Example: A U-shaped conductor with its open end to the right is placed in a magnetic field
that penetrates its plane perpendicularly out. A rod is sliding on the U-shaped conductor
to the right by means of an external force. The change in area of the loop formed by the
rod and the closed end of the U-shaped conductor will result in induced emf and hence

induced current.
a) What is the cause for the change in flux?

Solution: The cause for the change in flux is the external force pulling the rod to the right

causing change in area.

b) There will be an induced current in the rod as the rod is moving. A current carrying rod
placed in a magnetic field is acted upon by a magnetic force. What should the direction
of this force be?

Solution: According to Lenz’s rule, the direction of the induced current should be in such
a way as to oppose the cause. The cause is the external force to the right. Therefore the
direction of the induced current must be in such a way that the direction of the magnetic

force is to the left so that it opposes the external force.
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c) Is the induced current flowing down or up the rod?

Solution: Since the magnetic force is to the left and the field is perpendicularly out, from
the screw rule or the right hand rule, the induced current must be flowing down the rod
(as a screw is turned from the direction of the induced current (down the rod) towards the

field (perpendicularly out), it goes to the left.).
Example: A loop is pulled away to the right from the north pole of a permanent magnet.
a) What is the cause for the change in magnetic flux crossing the loop?

Solution: As the loop is pulled away, the strength of the magnetic field crossing it decreases
because it is getting further and further from the magnet. Thus, the cause for the change

of flux is the decrease in magnetic field.

b) The change in the flux crossing the loop will produce induced current in the loop and
this induced current will produce its own induced field. What should the direction of this

induced field be.

Solution: According to Lenz’s rule, the direction of the induced current is in such a way
as to oppose the cause. Since the cause is decrease in magnetic field, the direction of the
induced current must be in such a way as to increase the field. To increase the field, the
induced field should be parallel to the field due to the permanent magnet. The field due
to the permanent magnet is to the right since magnetic field lines come out of the North

Pole. Therefore the direction of the induced field must be to the right.

c) As seen from the right of the loop, is the induced current flowing clockwise or

counter clockwise.
Solution: From the right hand rule for solenoids, when thumb points to the right, fingers are
wrapped in a counter clockwise direction when seen from the right. Therefore the induced

current is flowing in a counter clockwise direction as seen from the right.

Example: A loop is pushed towards the north pole of a magnet. The North Pole is located
on the right end of the magnet.

Download free eBooks at bookboon.com



ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES FARADAY’S LAW

a) What is the cause for the change of flux and hence induced current in the loop?

Solution: As the loop is pushed towards the magnet, the strength of the magnetic field
crossing the loop gets stronger and stronger because the loop is getting nearer and nearer.

Therefore the cause for the induced current is an increase in the strength of the field.

b) The induced current in the loop will produce its own induced magnetic field. What
should the direction of the induced field be?

Solution: Since the cause is an increase in magnetic field, according to LenZ’s rule, the direction
of the induced current must be in such a way as to decrease the field. To decrease the field,
the induced field should oppose the field due to the permanent magnet. The direction of
the field due to the permanent magnet is to the right (magnetic field lines come out of the
North Pole). Therefore the direction of the induced field must be to the left.
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c) As seen from the right, is the induced current in the loop flowing clockwise or

counter clockwise.

Solution: Using the right hand rule for solenoids, when thumb points left fingers are wrapped
in a clockwise direction as seen from the right. The induced current is flowing in a clockwise

direction as seen from the right.

Example: A loop is put around a solenoid. The solenoid (whose axis is horizontal) carries a
current in a clockwise direction as seen from the right. The current is turned off suddenly.
As a result there will be a temporary flow of induced current in the loop surrounding

the solenoid.
a) What is the cause for the induced current?

Solution: As the current is turned off, the field due to the solenoid suddenly drops to zero.
Therefore the cause for the induced current is the decrease of the magnetic field crossing

the loop.

b) What should be the direction of the induced field due to the induced current in

the solenoid?

Solution: Since the cause is decrease of magnetic field, the direction of the induced current
must be in such a way as to increase the field. To increase the field, the induced field should
have the same direction as the field due to the solenoid. From the right hand rule, the
field due to the solenoid is to the left (When fingers are wrapped in a clockwise direction

as seen from the right, thumb points to the left). Therefore, the direction of the induced
field should be to the left.

c) As seen from the right, is the induced current in the loop flowing clockwise or

counter clockwise.
Solution: Applying the right hand rule, when thumb points to the left, fingers are wrapped

in a clockwise direction as seen from the right. Thus, the current is flowing clockwise as

seen from the right.
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Maxwell’s Equations

The four equations governing electricity and magnetism discussed so far are called Maxwell’s

equations.

1) Gausss law for electric field: The surface integral of the electric field on any closed
surface is equal to the total charge inside the closed surface divided by the electric

permittivity of vacuum (&, ).

m E-di=4L
80

closed
surface

2) Gausss law for magnetic field. The surface integral of the magnetic field over any

closed surface is equal to zero.

[ﬁ B-dA=0

closed
surface

3) Ampere-Maxwell law: The line integral of the magnetic field along any closed loop
is equal to M, times the total current and the total displacement current [g ddij
o dt

crossing the loop.

_ d¢
I:ﬁB-dS=,uO []Jrgo TtE}

It is called Ampere-Maxwell law, because the displacement current was theoretically

predicted by Maxwell himself.

4) Faradays Law: The line integral of the electric field in any closed path is equal to

the negative rate of change of the magnetic flux crossing the loop with time.

d¢
E.Jc——_ B
e
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Practice Quiz 9.2
Choose the best answer

1. The Electric field in a certain region varies according to the equation
E = 11.3/7"7 e, Calculate the rate of change of the magnetic flux that crosses a
circular surface of radius 0.83 m centered at the origin.

A.-67.768 A m*/s
B. 67.768 A m*/s
C.o

D.25.908 A m?/s
E. -25.908 A m*/s

2. A solenoid of length 0.085 m, radius 0.05 and number of turns /80 is carrying
a current that varies with time as 7 () = 6.4/t Calculate the electric field at a

perpendicular distance (from the axis of the solenoid) of 0.75 m after 3.2 seconds.
A. 26.283e-6 N/ C

B. 15.534e-6 N/ C

C.5.149e-6 N/ C

D.13.86e-6 N/ C

E. 22.365¢-6 N/ C
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3. If the cause for an induced current in a loop is an increase in magnetic field, then
the direction of the induced current will be in such a way as to
A. None of the other choices are correct.
B. increase the magnetic field
C. eliminate the magnetic field
D.All of the other choices are correct.

E. decrease the magnetic field

4. A U shaped conductor is placed in a region where there is magnetic field directed
perpendicularly out of the plane of the loop. When a conducting rod slides on the
U shaped conductor to the right, then the direction of the magnetic force acting
on the rod due to the induced current is
A.up
B. to the left
C.down
D.to the right

E. none of the other choices are correct

5. A U shaped conductor is placed (with its open end to the right) in a region where
there is a magnetic field directed perpendicularly into the plane of the loop. When
a conducting rod slides to the left, the direction of the induced current is
A. down the rod (south)
B. there is no current
C. up the rod (south)
D.none of the other choices are correct

E. all of the other choices are correct

6. A permanent magnet is placed horizontally with the right end being it’s South Pole.
A conducting loop is pushed to the left towards the South Pole. The direction of
the induced magnetic field due to the induced current in the loop is
A. cannot be determined
B. there is no induced field
C. to the right
D.to the left

E. None of the other choices are correct.
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7. A permanent magnet is placed horizontally with the right end being it’s South Pole.
A conducting loop is pulled away from the right end to the right. The direction of
the induced current in the loop as seen from the right of the loop is
A. there is no induced current
B. clockwise
C. None of the other choices are correct.

D. counter-clockwise

E. cannot be determined

8. A solenoid is placed horizontally. The current in the solenoid is clockwise as seen
from the right end. A conducting loop is wrapped around the solenoid (concentric
with the solenoid). If the current is increased, the direction of the induced magnetic
field due to the induced current in the loop is
A. to the left
B. to the right
C. None of the other choices are correct.

D.there is no induced field

E. cannot be determined

9. A solenoid is placed horizontally. The current in the solenoid is clockwise as seen
from the right end. A conducting loop is wrapped around the solenoid (concentric
with the solenoid). If the current is decreased, the direction of the induced current
in the loop as seen from the right is
A. there is no induced current
B. None of the other choices are correct.

C. cannot be determined
D. counter-clockwise

E. clockwise

10. Which of the following is a statement of Gauss’s law?

A. The total electric flux crossing any closed surface is proportional to the total
charge enclosed inside the closed surface.

B. The line integral of the electric field along any closed path is proportional to the
rate of change of the magnetic flux crossing any surface area bounded by the path.

C. The total electric flux crossing any closed surface is proportional to the rate of
change of the magnetic flux crossing the closed surface .

D.The line integral of the magnetic field along any closed path is proportional to
the total current (conduction and displacement current) crossing any surface
area bounded by the path.

E. The total magnetic flux crossing any closed surface is proportional to the total

charge enclosed inside the closed surface.
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PHYSICS II-PART 1: NOTES AND EXERCISES INDUCTANCE

10 INDUCTANCE

Your goal for this chapter is to learn about self-induced emf, mutual induction, RL circuit,
LC circuit and RLC circuit.

Self-Induced emf of an inductor

An inductor is a coil. The circuit symbol for an inductor is a coil. When an inductor is
connected to a source, current will flow through it and this current will produce magnetic
field inside the coil. That is there is magnetic flux crossing the loops of the coil due to its
own magnetic field. If the current changes with time, then the magnetic field inside the coil
will change with time which implies the magnetic flux crossing the coil will change with
time. According to Faraday’s law, this change in magnetic flux will produce induced emf

in the coil. This kind of induced emf is called self induced emf (gself) because it is caused

by the current in the coil itself.
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Since the magnetic field due to a coil (solenoid) is proportional to the current flowing in
the coil, the magnetic flux crossing the coils is proportional to the current. The constant

of proportionality between the flux (¢5S€,f) and the current is defined to be the inductance
(L) of the coil:

Py = L1

According to Faraday’s Law, the self-induced emf (gself) is equal to the negative rate of

change of this flux with time.

__gdl
8self = Ldt

The negative sign indicates that the polarity of the self-induced emf is in such a way as to
oppose the cause for the change in flux which is the rate of change of current with time. (It
essentially represents Lenz’s rule). The unit of measurement for inductance is V/A/s which is
defined to be the Henry, abreviated as H. The average induced emf in a given time interval

At can be obtained by integrating & elf with time in a time interval Az and then dividing

t+At I+AI
by Az: ¢, :_A%_‘- %df = —A% dl and the average self induced emf may be given as
t 1
(1 -1,]
g —_gpA_ NS i)

self At At

Example: The current in an inductor of inductance 5H varies with time according to the

equation /=2sinl0z A.
a) Give a formula for the self-induced emf as a function of time.

Solution:
L=5H; &, (t)="?

__gdl _ _sd(H —
gself = La’t_ Sdt(2sm10t) V=-100cos10¢t V
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b) Calculate the value of the induced emf after 4—72(') S.

Solution:

€ gelf (#)=—100cos10¢

_ T\ _ T - _
£y (t—40) 100005(1040) V=70V

Example: The current in a 2 mH inductor changed from 10 A to 4 A in 0.2 seconds.

Calculate the average self-induced emf in the inductor?

Solution:

L=5H;11,=10A;If=4A;At=O.ZS'E ?

> Eselr =

(]f _Ii) 3(4-10
gSe‘lf =—LA—t=—2X10 (W) V=OO6V

Inductance of a Solenoid in terms of its geometry

The inductance of an inductor depends on the geometry of the coil only. Consider a solenoid

of length ¢, radius R and number of turns V. The magnetic flux crossing the solenoid is NV

times the flux crossing a single turn: ¢Self' =NBA. But 4= zR? and B =ﬂ°—NI for a solenoid.

N¢se[f g
1

Therefore since L= , the inductance of a solenoid in terms of its geometry is given as

B /JON27Z'R2
- ¢
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES INDUCTANCE

Magnetic Energy Stored by an inductor

Consider an inductor connected to a source. According to Lenz’s rule, the self-induced
emf should oppose the source because it is the cause for the change of flux. Therefore the
source has to do work to push a charge through the inductor. This work is stored by the
inductor as magnetic energy. The work done by the source in pushing a charge dg across

the inductor is dw  =—dg & .- The negative sign is needed because the work done by
exi se

if
the external force (source) is opposite to the work done by the self-induced emf. But
—_7dl 404 ——do (- dl)— aq iy _ Th t of ti U

gself =—L 0 an dwm =—dq ( LE _LEdI_L[d[. e amount of magnetic energy ( B)

stored by the inductor when the current is increased from zero to a value / is obtained by
1

integration: U, =Idw€x, = I L1' dI'. Therefore the amount of magnetic energy stored by an
0

inductor when the current is / is given by

_1442
UB_2L]
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Magnetic energy density inside a current carrying Solenoid

Consider a solenoid of N turns, length ¢ and cross-sectional radius R carrying a current

I. The magnetic energy density (u,) inside a solenoid is obtained as the ration of the total

2
. 1 2) . oo, Uy LI
magnetic energy (U == LI° | to the volume of the solenoid (V' =7zR*¢):u, =—£ = . But,
8 &Y ( #72 ( S ==
. . 1 . U N 27z'R2 .
as shown earlier, the inductance of a solenoid is given as 7, = and the magnetic field

NI ) .
0 . Now, with these substitutions

which implies 1 = Ziid
N

for the inductance and the current, the magnetic energy density depends on the magnetic

inside a solenoid is given as B =

field according the equation

B2

u, =——
’ 2,

Example: A solenoid of length 10 ¢cm, number of turns 200 and cross-sectional radius 2

cm is carrying a current of 2A.
a) Calculate the magnetic energy density inside the solenoid.

Solution:

£=0.1m; R=0.02m; N=200;7=2 A; u, =?

7
NI (47r><10 ) 200)(2
B:”OZ = 1( ) T=162x10"% T
B (167zx104(§g
Uy = = —~ J/m’ =327 Jm’
2p,  2(47x107)

b) Calculate the total magnetic energy stored inside the solenoid.

Solution:

U, =?

Uy =u,V =u, (7R1)=327(7x0.02°x0.1) I=1.26x10" J
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A series combination of an inductor and a resistor connected to a dc source

Consider a battery of emf € connected to a series combination of a resistor of resistance
R and an inductor of inductance L. An inductor behaves like a resistor when its current
increases (gaining magnetic energy at the expens of electrical energy) and behaves like a
source when current decreases (losing magnetic enegy to create electrical energy). Therefore,
both resistor and source sign conventions apply depending on the situation. If transversed
in the direction of the current, the potential difference in both cases is—L%. The difference
between resistor and source behavior is contained in the sign of % Now applying Kirchhoff’s

rule in the direction of the current

dl
&-L=-—-IR=0
dt
Rearranging, this equation may be written as % = g—L_IR or dl = ‘C"_L—IRdt. Integrating,

1 t
J. LI'R:J‘ % (The initial current is zero). Let #=&—1"'R. Then du=—Rdl, u(t =O) =g
0 o 0 e-IR
and u(7)=&—IR. With this substitution the integral becomes —% du :% which implies
u

R
that h{g _IRJ = _Et ore—IR=c¢ce L And solving for the current the following expression
& L

for the current as a function of time is obtained.

R

1()=£|1-¢ L'

R
o : o Ry
The current attains its maximum value at infinity: 7 =< lim [l—e L ]:;. The current
1=

approaches its maximum value asymptotically with time. The expression T determines
how fast the current approaches its maximum value and is called the time constant of the

circuit. The greater the time constant the faster the current approaches its maximum value.

The potential difference across the resistor is equal to current times its resistance:
Ry

Vo (t)=¢|1-c L
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The potential difference across the resistor is zero initially and approaches the emf of the

battery asymptotically as time approaches infinity. The self-induced emf of the inductor

_R
can be obtained as . =_Lﬂ=_Li £l e L' |l which gives the following expression
self dt dt | R
for the dependence of the emf:
_R
- _ L
& elf (t)=—¢ge

The self-induced emf has its maximum value initially and approaches zero asymptotically as

time approaches infinity. Adding the potential difference and the self-induced voltage shows

_R R
.. _ . N PR e
that it is always equal —¢& as expected: VR +esy = 5[1 e J ge L =—¢ .,

Example: A series combination of a 1000 Q resistor and a 20 H inductor is connected to
a battery of emf 20V.
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a) Calculate the maximum current.

Solution:

R=1000€Q; £=20;1 =7

>~ max

_&__20 _
max — R 1000 A=0.02 A

b) Calculate the time taken for the current to reach a value one fourth of its maximum value.

Solution:
R
[=E[1-¢ L' |z &
=t
l-e L :l
4
k3
e —-
4

t=—£ln g =—£ln i s =0.00575 s
1000 4

Practice Quiz 10.1
Choose the best answer

1. Which of the following is a correct statement?
A. The SI unit of measurement of inductance is Ohm
B. The self-induced emf of an inductor is proportional to the current in the inductor.
C. The inductance of an inductor is proportional to the magnetic flux crossing the
inductor per a unit current
D.The inductance of an inductor is proportional to the current in the inductor.

E. An inductor stores energy in the form of electrical energy.

2. When the current in an inductor changes from /3 A to 12 Ain 0.34 s, 5V of
average voltage is induced. Calculate the inductance of the inductor.
A. 1.7 H
B. 0.859 H
C.2556 H
D.1.306 H
E. 1.938 H
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3. The current in a solenoid of inductance 5.4¢-3 H, varies with time according
the equation / (¢) = 2.7 sin (12.7t) A Calculate the self-induced voltage after
2.6¢-3 seconds.

A. -23.83¢e-2V
B.-15.348¢-2V
C.-18.507e-2 V
D.-2.027¢e-2V
E. -34.228¢-2V

4. A solenoid has a length of 0.13 m and a cross-sectional radius of 4.6e-2 m. If it
has 350 turns, calculate its inductance.
A. 4.741e-3 H
B. 11.816¢-3 H
C.10.711e-3 H
D.14.327e-3 H
E. 7.872¢e-3 H

5. A solenoid has a length of 0.074 m and a cross-sectional radius of 7.2¢-2 m. If it
has 250 turns, calculate the magnetic energy stored by the solenoid when a current
of 2.6 A is flowing through it.

A. 39.368¢-3 ]
B. 58.424¢-3 ]
C.26.021e-3 ]
D.109.809¢-3 ]
E. 49.993¢-3 ]

6. A solenoid has a length of 0.074 m and a cross-sectional radius of 7.8e-2 m.
It has 225 turns. If the magnetic field inside the solenoid is measured to be
2.6¢-3 T, calculate the magnetic energy density inside the solenoid.

A.2.413 ]/ m?
B.5079]/m’
C.269]/m’
D.1.221 ]/ m?
E. 3.404 ]/ m’

Download free eBooks at bookboon.com



ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES INDUCTANCE

7. Which of the following statements is a correct statement?

A. The greater the time constant of a series RL circuit connected to a DC source,
the slower the current of the circuit approaches a steady value

B. When a series combination of a resistor of resistance R and inductor of inductance
L is connected to a battery of emf E, then the current can be obtained as a
solution of the differential equation d//dt — (R/L)I + E/L = 0

C.When a series RL circuit is connected to a DC source, as time increases, the
rate of change of current decreases to a steady value asymptotically.

D.When a series RL circuit is connected to a DC source, the current is a constant
independent of time

E. When a series RL circuit is connected to a DC source, as time increases, the

current decreases to a steady value asymptotically

8. A series combination of a 512 Q) resistor and a /8 H inductor is connected to a
40 V battery. Calculate the time constant of the circuit.
A.35.74 Q/H
B. 5525 Q/H
C.28.444 QO /H
D.40.707 QO /H
E. 14723 Q/H
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9. For a certain series RL circuit connected to a DC source, the voltage across the
resistor rises to (1 / 6)” of the maximum voltage across the resistor in a time interval
of 1.2¢-3 seconds. Calculate the time constant of the circuit.

A. 151.935 Q/H
B. 265.798 QQ/H
C.229.099 Q/H
D.40.344 Q/H

E. 180.141 Q/H

10.A series combination of a 965 Q resistor and a 25 H inductor is connected to a 60
V battery. Calculate the current in the circuit after a time interval of 1.7e-3 seconds.
A.2.115-3 A
B. 3.949¢-3 A
C.3.231e-3 A
D.2.83e-3 A
E. 4.578¢-3 A

Mutual Induction

When two coils carrying time dependent currents are in the vicinity of each other, they will
induce on each other. This kind of induction is called mutual induction. The flux induced
by one on the other is proportional to the current in the forner. Consider two coils, coil
1 & coil 2, in the vicinity of each other. The mutual inductance of coil 2 with respect to
coil 1 ( M 21) is defined to be the ratio between the flux crossing coil 2 due to the current
in coil 1 and the current in coil 1 (/). If the number of turns of coil 2 is IV, and the

magnetic flux per coil crossing coil 2 is @ ,, then

N,¢
__ 2721
My = 1
Nl ¢12
Similarly, the mutual inductance of coil 1 with respect to coil 2 is defined to be M =T
2

It can be shown that M b= M o = M where M is called the mutual inductance of the coils;

1

2 [1

d
Applying Faraday’s law, the emf induced in coil 2 (52) is given by £,=-N, % But

M, '
9 v and it follows that
2

I,
ML
€ dt
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The emf induced on coil 2 by coil 1 is directly proportional to the rate of change of

the current flowing in coil 1. Similarly, the emf induced on coil 1 by coil to is given as
dl
——M—2.
& = M 7

Mutual Inductance of Two Concentric Solenoids of the same Length

Consider two concentric solenoids with the inner solenoid being coil 1 and the outer being

coil 2.

NI
The magnetic flux induced on solenoid 1 by solenoid 2 is ¢, = B,4, 2(%]141. Therefore

N, ¢
the mutual inductance of solenoid 1 with respect to solenoid 2 is M =M 0 =% which
2

simplifies to
y2 0 N 1 N 9 Al

M=="¢

A charged Capacitor Connected to an inductor

The sign convention for an inductor has already been stated in the previous section. A
capacitor behaves like a resistor when losing charge (or losing electrical energy) and behaves
like a source when it is being charged (that is gaining electrical energy). So both resistor and
source sign conventions apply depending in the situation. In both cases, if the capacitor is

transversed in the direction of the current, the potential difference is given as _Q. Now,

. . 0 dl . do C
applying Kirchhoff’s loop rule, _Z_LEZO. With I:E (and some rearranging), the
charge stored in the capacitor satisfies the differential equation

2
d~0 1
—=+—0=0
a2 LC
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES INDUCTANCE

The general soltion of this differential equation is 0= C, cos( [ ot C ] where C, and C, are

arbitrary constant to be determined from two initial (or other) conditions. Let the initial charge

of the capacitor be Qmax' Then Q(r=0)=C, cos(,/Llc (0)+C, ) Opx or 0 =C, cos(Cz)

. . _dQ_ Cl . 1 o ele .
or The current is given by I= @~ Jic Sm =L 70 1+C, |- The initial current is zero.

c c
Therefore I(tzo):_«/Ll_C sin( % (O)+C2]:O or O:—ﬁ Sin(CZ) which implies C, =0

(the possibility C, =0 is avoided because it implies zero charge). With C, =0, it follows that

C, =0, and the solutions for the charge and current as a function of time are respectively

given as

SIMPLY CLEVER SKODA

We will turn your CV into
an opportunity of a lifetime

Do you like cars? Would you like to be a part of a successful brand?
We will appreciate and reward both your enthusiasm and talent.
Send us your CV. You will be surprised where it can take you.

Download free eBooks at bookboon.com

Click on the ad to read more

231


http://www.employerforlife.com

The coefficient of time (;] represents the angular frequency (number of radians executed
NLC

per second) and is denoted by @,.

@, = 1

JLe

The frequency (f;) (Number of cycles per second) is related with angular frequency by
@, =27 f, (since there are 2n radians in a cycle) and is given as f, =i ,ﬁ The period

(time taken for one cycle) is the inverse of the frequency: T, =27+LC.

Example: A 20 F capacitor is connected to a 10 V battery. Then it is disconnected from
the battery and connected to a 54 inductor. Then it is disconnected from the battery and

connected to a 5 H inductor.
a) Calculate the maximum charge of the capacitor.

Solution:

C=20F;AV=10V; Q0 _ =7

max

0 =CV=(20)(10) C=200C

max

b) Calculate the angular frequency of the circuit.

Solution:
L=5H; w,="

rad/s =0.1rad/s

@,

-1 _ 1
JLC  5x20
¢) How many cycles does the circuit execute per second.

Solution:

fo=7?

PR A P S
2 21w 20z
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d) Calculate the time taken for one cycle

Solution:
T,=2

1
I, =—=207 s

0

e) Give expressions for the charge and current as a function of time.

O = Oppax ©08( @) =200c0s(0.1¢) C

Q
[ = ——max sin( 1 zj:—zosin(o.lt)A

Joe \JLe

Energy of an LC Circuit

From Kirchhoff’s loop rule L%:—%. Multiplying both sides by dQ, Ld[i—g:—%dQ.

2
Replacing C;_Q by 7 results in LidI :—%dQ. Integrating this equation gives % L2 +%%=c
t

2
where ¢ stands for an integration constant. But the expressions % L% and %% represent
the magnetic energy stored in the inductor and the electrical energy stored in the capacitor
respectively. Therefore it follows that the sum of the electrical energy in the capacitor and

the magnetic energy stored in the inductor is a constant independent of time and should

2
be equal to the initial electrical energy in the capacitor (Q'& ). That is,
2C

2
2 0
U _lL]2+lQ_:M

em =2 2 C 2C

Where U, stands for the total energy stored in the LC circuit. The process involves only

the interchange between electrical and magnetic energy.

Example: A 16F capacitor is connected to an 8V battery and disconnected from the battery.

Then it is connected to a 4H inducator.
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a) Calculate the total energy of the circuit at any time.

Solution:

C=16 F;AV=8V; U, =7

0. =CAV =16x8 C=128 C

2
U —in;ax—ﬁ]—512_]
em=2C  2x16

b) Calculate the current in the circuit when the charge is half of the maximum value

Calculate the maximum value of the current.

Solution:
L=4H;1="?
_1 -1 _
0=70, . =(128) C=64C
2
_172,10°
Uem = 2LI 50
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2
Lig)2 410647 _
()17 + 50 =512

1=8B A
¢) Calculate the maximum value of the current.

Solution: The maximum current occurs when the charge is zero.

U = l lemax
2

em

(4)12 =5121

max

N —

1 =16 A

max

Series RLC Circuit connected to a DC source

Consider a battery of emf € connected to a series combination of a resistor of resistance R,

an inductor of inductance L and a capacitor of capacitance C. Applying Kichhoff’s loop rule,

results in the equationg—IR—L%—%Q=O. Replacing 71 with i{—Q (and some rearranging)
t

gives the following second order differential equation for the charge:

2
dO R 1 5 ¢
2 1 at1efT
Let % =2/ where B is the damping constant. And Let % - 0* (@ 0 is the angular frequency
0

of an LC circuit and is called the natural angular frequency of the circuit). Then the

differential equation becomes

2
d=Q dQ 2. ¢
4L %L =%
a2 B dt ()Q L
This is an inhomogenous second order differential equation. Its general solution is the sum

2
of the general solution of the homogeneous equation a9, 2/ a0 , ®*0 =0 and a particular
0

a2 ra
solution to the inhomogeneous equation (the actual equation). The particular solution (Qp)
2
can be charge that is independent of time. If Q is independent of time, then 0p -0 and
40 di?
=P _ and it follows that a)zQ - € or Op =%.
dt 0o-P L a)OL
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1

Since ®, =—=, the particular solution may be written as

0 LC’

The homogeneous equation is a second order differential equation with constant coefhicients.

There are three types of solutions based on the value of ,32 —a)ﬁ

1) Underdamped oscillations: Under damped oscillation occurs when ,6’2 —a)i <0 ; and the

solution to the homogeneous equation, Q,, is given as
_ 4~ Pt _
0, =4e cos(awt—¢)

Where A and @ are constants and = ,wz_ p%. Therefore the general solution to the
0

inhomogeneous equation Q=0 , +Q, Is given by
O=de P cos(wt —¢)+&C

This is a damped harmonic oscillation about the value of the charge ¢C. That is the value
of the charge approaches to the value €C as time approaches infinity. The current can be
obtained by taking the derivative of the charge: 7 = % = —de P [,8 cos(wt — @)+ wsin (ot — ¢)]
The cosine and sine can be combined into a single cosine with the transformation equations
for fand @ as B = <, cosd and w= ) sind where < and & are constants: With this

transformation equations, the equation for the current reduces to / = —Ac1 e P cos (a)t —¢p—0 );

and replacing the constants —4C, and ¢+ & by the constants 4' and ¢', the current is given as
I[=Ae P cos (ot —¢')

The current is a damped harmonic oscillation about zero. That is, the current approaches

zero as time approaches infinity.

2) Overdamped Oscillation: Over damped oscillation occurs when ,Bz —w?>0; and the
0

. . . (oefP-a? ) [ fpP-a )
solution to the homogeneous equation, Q,, is given as 0, =ce 0/ 4 c,e 0
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Where ¢, and ¢, are arbitrary constants. Therefore the general solution to the inhomogeneous

equation (Q:Qh +QP) is given as

Q=c, e(_ﬂ+\/ﬁjt +c, e[_ﬂ_\/ﬁ)t +&C

As time increases, the charge approaches the value £C slowly without oscillation.

3) Critically damped oscillation: Critically damped oscillation occurs when ﬂz —w? =0; and
the solution to the homogeneous equation, Q, is given as o, :<cl +02t)e_ﬂ ! The general

solution to the inhomogeneous equation (Q:Qh +QP) is given as
Q=(c1 +02t)e_'5t +&C

¢, and ¢, are arbitrary constants. The charge approaches the value £€C as time increases

faster than an over damped oscillation does.

Example: A 2uF capacitor, a 4mH inducator and a variable resistor are connected to a

DC source.

~
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a) Calculate the natural frequency of the circuit.

Solution:

C=2x10°F; L=4x10" H; f, =?

o = 1 _ 1 Hz =1779 Hz
27JLC 27z\/(4x10_3)(2x10_6)

b) What should be the value of the resistance be if the oscillation is to be critically damped?

Solution:
2 2
=w
ﬂ 0
R _ L
2L LC

—

-3
R=2L ,E:2(4><10 )(11180) 0=89.44 O

c) Find the range of resistance that will result in a damped harmonic oscillation.

Solution:
,82 - a)i <0

ﬂ<a)0

R <o

2L~ %0
R<2Lo, =2(4x10_3)(11180) 0=89.44 Q

d) If the resistance is half of the resistance that leads to critical damping, calculate the

frequency of the resulting damped harmonic oscillation.

Solution:
_1 _
R=1(89.44) 0=4472 @

f

2
2
o _ 1 ,wz_ﬂZ -1 /L_(i) -1 1 _| 4472 Hz =1541 Hz
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Transformer

A transformer is a device used to increase or decrease the amplitude of an ac voltage (An
ac voltage is time varying voltage that varies with time typically like a sine or cosine). It
consists of two coils wound on a magentic matrial such as iron. One of the coils called the
primary coil is connected to an ac source. The second coil which gives the output is called
the secondary coil. The current in the primary coil produces magnetic field in the magnetic
material uniformly. Thus, this field crosses both coils. Since the current is changing with
time (and hence the magnetic field), according to Faraday’s law, there will be induced emfs
in both coils given by
& =—N1 % and &, =—N2 %

Where N, and N , are number of turns in the primary and secondary coils respectively;
and &, and &, are induced emfs in coil 1 and coil 2 resprectively. From Kirchhoff’s rule

2

&€, is equal to the input voltage in the primary. ¢, and ¢, are fluxes crossing coil 1 and coil

2 respectively.

But since both coils are crossed by the same magnetic field and the cross-sectional area of

the magnetic material is the same for both, ¢ and ¢, are equal (¢1 =9, =BA). Hence the

& d & d & &
emf's may be written as _1:_ﬁ and _ZZ_ﬁ which implies —L =—2 or
N1 dt N2 dt N1 N2
N
__ 2
€, = N &

This implies that the output voltage can be adjusted to a desired voltage by the coil of a
N

suitable N_2 ratio. A transformer whose effect is to increase voltage with N , >N, s called
1

a step up transformer; and a transformer whose effect is to decrease voltage with N , <N,

is called s step down transfomer.

Example: The primary coil and the secondary coil of a transformer have 50 and 125 turns

respectively. The primary coil is connected to an ac voltage of amplitude 10 V.
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a) Calculate the amplitude of the voltage obtained from the secondary coil.

Solution:

N,=50; N, =125; &, =10 V; g, =?

N

g, =-2g =1210)v=25V

2N1150

b) Is this a step up or step down transformer?

Solution: Since its effect is to increase the amplitude of the voltage, it is a step up transformer.
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Practice Quiz 10.2
Choose the best answer

1. Which of the following statements is a correct statement?

A. When a charged capacitor is connected to an inductor, the sum of the electrical
energy stored in the capacitor and the magnetic energy stored in the inductor
is independent of time.

B. When a charged capacitor is connected to an inductor, the charge in the capacitor
decreases exponentially as function of time

C. When a series combination of a resistor, an inductor and a capacitor is connected
to a DC source, damped harmonic oscillation occurs when the damping constant
is greater than the natural frequency of the circuit.

D.A step-up transformer is a transformer where the number of coils of the primary
is greater than the number of coils of the secondary coil.

E. The mutual inductance of coil A and coil B is defined to be the average of the

self-inductances of coil A and coil B.

2. Consider two concentric solenoids of radii 0.057 m and 0.086 m. The number of
coils for the inner and outer solenoids are 575 and 875 respectively. Both solenoids
have a length of 0.716 m. Calculate the mutual inductance of the coils.
A.59.142¢-3 H
B. 44.84e-3 H
C.26.261e-3 H
D.14.313e-3 H
E. 32.289-3 H

3. Two concentric solenoids have a mutual inductance of 3.5¢-3 H. The inner and
outer solenoids carry currents that vary with time according to the equation 7/ (2)
= 1.3 sin (374t) A and I (¢) = 0.18 sin (374t) A respectively. Calculate the voltage
induced by the inner coil on the outer coil after 7.5¢-3 seconds.
A.-1197.688¢-3V
B. -319.229¢-3 V
C.-1440.869¢-3 V
D.-844.75¢-3 V
E. -1729.043¢e-3 V
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4. A 3.5¢-6 F capacitor is connected to a 2.5 V battery. Then it is disconnected from
the battery and connected to a 4. 7/e-3 H inductor. How long does the current take
to make one complete oscillation?

A. 0.37e-3 s
B. 1.28¢-3 s
C. 1.362¢-3 s
D.0.753¢-3 s
E. 0.524¢-3 s

5. A 3.5 F capacitor is connected to a 5.3 V battery. Then it is disconnected from
the battery and connected to a 7.3¢-3 H inductor. Calculate the charge in the
capacitor after 0.55 seconds.

A.-31.659 C
B.-12.731 C
C.-6.157 C

D.-17.725 C
E.-10.722 C

6. A 3.5 F capacitor is connected to a 7.5 V battery. Then it is disconnected from
the battery and connected to a 4.7/e-3 H inductor. Calculate the magnetic energy
stored in the inductor after 0.6 seconds.

A. 150721.951e-3 ]
B. 41418.087-3 ]
C.74910.727¢-3 ]
D.162280.333¢-3 ]
E. 90044.493¢-3 ]

7. A 4 F capacitor is connected to a 10 V battery. Then it is disconnected from the
battery and connected to a 20 H inductor. Calculate the charge stored by the
capacitor when the current in the circuit is 3 A.

A.29.665 C
B. 7.816 C
C.44.356 C
D.52.64 C
E. 48418 C
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8. A series combination of a 55 Q resistor, a 20 H inductor and a 8 F capacitor is
connected to a 3 V battery. Calculate the damping constant of the circuit.
A.1.029 Q/H
B. 1.56 OQ/H
C.1.375 Q/H
D.1.725 Q/H
E. 1.911 Q/H

9. A series combination of a 7000 Q resistor, a 2 H inductor and a 8e-6 F capacitor
is connected to a 5 V battery. The variation of the current as a function of time
will be
A. under damped
B. critically damped
C. over damped
D.simple harmonic

E. a parabola
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10.A series combination of an unknown resistor, a 3 H inductor and a 4¢-6 F capacitor

11

is connected to a 6 V battery. If the variation of the current is under damped
and the period of the oscillation is 0.8 seconds, calculate the resistance of the
unknown resistor.

A. 2033.534 Q

B. 1731.41 Q)

C.2740.393 Q

D.958.766 Q)

E. 1263.392 Q)

. The number of turns of the primary and the secondary coils of a transformer are

825 and 975 respectively. If the input ac voltage has an amplitude of 35V, calculate
the amplitude of the output voltage.

A.33.877V

B.28.576 V

C.41.364 V

D.61.923 V

E. 50.162V
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11 ALTERNATING CURRENT CIRCUITS

Your goal for this chapter is to learn about the properties of alternating current circuits.

Your goals for this chapter are to learn about alternating current circuits involving a resistor,

an inductor and a capacitor.

An alternating current circuit (ac) is a circuit where the voltage and the current
vary with time typically like a sine or a cosine. A typical ac signal may be given as
v = Vsin (ot + ). v is the voltage at a given instant of time and is called instantaneous
voltage. V'is the maximum value of the voltage and is called the amplitude of the voltage.
o is the number of radians executed per second and is called the angular frequency of the
voltage. It is related with frequency (f) as @ = 2nf and with period (7) as = 2x /7. B
is called the phase angle of the voltage. Its effect is to shift the graph of sin (wz) either to
the right (if negative) or to the left (if positive).

Phase angle of signal 2 minus the phase angle of signal 7 is called the phase shift (6) of

signal 2 with respect to signal /. The one with a bigger phase angle is said to be leading
the other and the one with a smaller phase angle is said to be lagging from the other.

If v, =V, sin (0t + B,)and v, = V, sin (ot + B,), then

0=p,-B,

Example: An ac voltage varies with time according to the equation v = 120 V sin (300t +
n/2)

a) What is the maximum value of the voltage?
Solution: V =?
V=120V
b) How long does it take to make one complete oscillation?
Solution: @ = 300 rad/s; T =?

T=2n/0=2"3.14/300s = 0.021 s
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c) What is its phase angle?
Solution: B =?
B=r/2

Example: Calculate the phase shift between the following pair of signals and indicate which
one is leading: v, = 10V sin (20t + n) and v, = 20V sin (20t — /2)

Solution: B, = m; B, = -n/2; 0 =?
0=B,-B,=-n/2-1=-3n/2

v, is leading because its phase angle is bigger.
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A Resistor Connected to an ac Source

Let’s consider a resistor of resistance R connected to an ac source whose voltage varies
with time according to the equation v = V sin (wz). Ohm’s law applies to ac circuits
instantaneously. Therefore the equation » = iR holds where 7 stands for the instantaneous

current. This implies that
i = (V/R) sin (wt) when v = V sin (0wt)

This shows that, in a resistor, the phase shift (6,) between the voltage and the current is

zero. In other words, the voltage and the current are in phase.

0,=0

R

Where 0, = B — B, is the phase shift of voltage with respect to current for a resistor. Since
i =1sin (wr) = (V/Rsin (ot), Ohm’s law also applies to the amplitudes of the voltage

and the current.
V=IR

Example: A resistor of resistance 50 ohm is connected to an ac source whose potential

difference varies with time according to the equation v = 20V sin (100z).
a) Calculate the amplitude of the current.
Solution: V=20V; R =50;,1 =2
I=V/R=20/50A=04A
b) Give a formula for the instantaneous current as a function of time.
Solution: @ = 100 rad/s; i (1) =?

i(t) = 1sin (wt) = 0.4 A sin (100)
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c) Calculate the instantaneous voltage and current after 70 s.
Solution: t = 10s;i =2 v =2
i=1Isin(wt) = 0.4 *sin (100 *10) A = 0.33 A
v =Vsin (ot) = 20 *sin (100 *10)V = 16.5V

A Capacitor Connected to an ac Source

Let’s consider a capacitor of capacitance C connected to an ac source whose potential difference
varies with time according to the equation v = V'sin (®t). The instantaneous charge g of the
capacitor is related with the instantaneous voltage by ¢ = vC. The instantaneous current is
equal to the rate of change of the charge or the derivative of charge with respect to time in

the language of calculus. Therefore, using calculus (because it can’t be done algebraically),

i=dg/dt = Cdv/dt = Cdl Vsin (wr)}/dt } = CVw cos (o). But cos (wz) = sin (ot + 7/2)
i = CVWsin (ot + ©/2) when v = Vsin (ot)

This implies that for a capacitor, the voltage lags from the current by 7./2 or 90°.
0.=B—-B=-n/2

Where O is the phase shift of the voltage with respect to current for a capacitor.
Since i = [ sin (0t + ©/2) = CVw sin (0ot + w./2),

I=CVo
Where [ is the amplitude of the current. The ratio between the amplitude of the voltage
across a capacitor and the amplitude of the current across a capacitor is defined to be the
capacitive reactance (X ) of the capacitor.

X =V/I
The unit of measurement for capacitive reactance is ohm. Replacing / by VCaw, it follows
that the capacitive reactance of a capacitor is inversely proportional to the frequency of the

voltage (current).

X.=1/(wC)
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Example: A capacitor of capacitance 20 UF is connected to an ac source whose potential

difference varies with time according to the equation v = 12V sin (500¢).
a) Calculate its capacitive reactance.
Solution: C = 20 uF = 2¢-5F; @ = 500 rad/s; X = ?
X.=1/(0wC) =1/(500 *2e-5) Q = 100 Q
b) Calculate the amplitude of the current.
Solution: V=12V; [ =2

[=V/X, =12/100A = 0.12 A
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c) Give a formula for the current as a function of time.

Solution: For a capacitor, the current leads the voltage by 7./2. Therefore, since the phase

angle of the voltage is zero, the phase angle of the current must be 7./2.
0.=-n/2i(t)=2
i =1sin (wt—0,) =0.12 A sin (500t + n/2)

An Inductor Connected to an ac Source

Let’s consider an inductor of inductance L connected to an ac source where the
current in the circuit varies with time according to the equation 7 = [ sin (). From
Kirchoff’s loop rule, the voltage of the source is the negative of the self-induced
voltage (so that they add up to zero): v = -E;elf But E;elf = -L di / dr (using calculus).
Hence v = L di/dt = L d{ I sin (wt)}/dt = Lol cos (wt). And cos (wt) = sin (ot + w./2).

v = Lol sin (ot + ©/2) when i = [ sin (wt)
This means, for an inductor, the voltage leads the current by 7./2 or 90°.
0, =n/2

Where 6, = B — B, is the phase shift of the voltage with respect to the current.
Since v = Vsin (ot + n/2) = Lol sin (ot + ©/2),

V=Lwl

The ratio between the amplitude of the voltage across an inductor and the current across

the inductor is called the inductive reactance (X)) of the inductor.
X =V/I

The unit of measurement for inductive reactance is the ohm. Replacing V by Lw/, it is
seen that the inductive reactance of an inductor is directly proportional to the frequency

of the signal.

X = ol

L
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Example: An inductor of inductance /5 mH is connected to an ac source whose potential

difference varies with time according to the equation v = 40 V sin (250z).
a) Calculate its inductive reactance.
Solution: @ = 250 rad/s; L = 15 mH = 0.0I15H; X, =?
X =L =250*0.015Q=375Q
b) Calculate the amplitude of the current.
Solution: I =?
[=V/X, = 40/375A=10.7 A
c) Give a formula for the current as a function of time.

Solution: For an inductor, the current lags from the voltage by 772 and the phase angle
of the voltage is zero. The phase angle of the current must be -7./2.

0, =n/2i(t)=2
i(t) =Isin (wt—0) =10.7 A sin (250t — /2)

Practice Quiz 11.1
Choose the best answer

1. A certain signal varies with time according the equation x = 6 * sin (45t + 1.5).
The angular frequency of the signal is.
A.3.14
B. 6
C.6.28
D.45
E. 1.5
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2. Which of the following is a correct statement?
A. For a resistor connected to an ac signal, the voltage leads the current by 90°.
B. For a capacitor connected to an ac signal, the current leads the voltage by 90°.
C. The capacitive reactance of a capacitor is proportional to the frequency of the
ac signal to which it is connected to
D.The inductive reactance of an inductor is inversely proportional to the frequency
of the ac signal to which it is connected to.

E. For an inductor connected to an ac signal, the current leads the voltage by 90°.

3. A certain signal varies with time according the equation x = 4 * sin (30r + 0.25).

How long does it take to make one complete cycle?
A.0.147 s
B. 0.209 s
C.0.126 s
D.0.251 s
E. 0188 s
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4. Identify the pair of signal for which x is leading y.

A. x = 20 sin (40t — 2)
y = sin (40t)

B. x = 20 sin (40t — 1)
y = sin (40t — 3)

C.x = 20 sin (40t — 1)
y = sin (40t + 1)

D.x = 20 sin (40t + 1)
y = sin (40t + 3)

E. x = 20 sin (40t

y = sin (40t + 3)

5. When a resistor of resistance 5.3 Ohm is connected to a sinusoidal ac voltage, a
current that varies with time according the equation 7 = 0.95 A * sin (300¢) flows
in the circuit. Calculate the amplitude of the voltage across the resistor.
A.8721V
B. 14.535V
C.10.175V
D.13.082V
E. 17442V

6. A resistor of resistance 44.7 Ohm is connected to an ac voltage that varies with time
according to the equation 71 V * sin (100z). Give a formula for the instantaneous
current as a function of time.

A. 1.588 A * sin (100t — 1.57)
B. 1.43 A * sin (100t + 1.57)
C. 1.588 A * sin (100¢)
D.1.43 A * sin (100t)

E. 1.588 A * sin (100t + 1.57)

7. An inductor has an inductive reactance of 620 Ohm when connected to an ac
voltage of frequency 770 Hz. Calculate the inductance of the inductor.
A.0.58 H
B. 0.464 H
C.0.406 H
D.0.638 H
E. 0.813 H
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8. When an inductor of inductance 0.035 H is connected to a sinusoidal ac voltage,
a current that varies with time according the equation i = 2.5 A * sin (45t). Give
a formula for the instantaneous voltage as a function of time.
A.3.938V * sin (45t + 1.57)
B. 3.938 V * sin (45¢t)
C.3.544 V * sin (45¢)
D.3.938 V * sin (45t — 1.57)
E. 3.544V * sin (45t + 1.57)

9. A capacitor has an capacitive reactance of 83 Ohm when connected to an ac voltage
of frequency 740 Hz. Calculate its capacitive reactance when connected to an ac
voltage of frequency 90 Hz.

A. 129.111 Ohm
B. 716.2 Ohm
C. 154.933 Ohm
D.180.756 Ohm
E. 90.378 Ohm

10.A capacitor of capacitance 0.053 F is connected to an ac voltage that varies with
time according the equation v = 4.0 V * sin (12.5¢). Calculate the amplitude of
the current through the capacitor.

A. 1.855 A
B.3.71 A
C.2915A
D.3.18 A
E. 265 A

Series Combination of a Resistor, an Inductor and a Capacitor Connected to an ac Source

Let’s consider a series combination of a resistor of resistance R, an inductor of inductance L
and a capacitor of capacitance C connected to an ac source where the current in the circuit
varies with time according the equation 7 = / sin (wt). The currents through the resistor
(2,), the inductor (7,) and the capacitor (7.) are equal and they are equal to the current in

the circuit.
i,=i =1i.=1=1sin(wt)

The net instantaneous potential difference (v) is equal to the sum of the instantaneous

potential differences across the resistor (v,), the inductor (v,) and capacitor (v,).

7/=7/R+UL+7/C
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In a resistor, the voltage and the current are in phase; that is, their phase angles are equal.
Therefore, since 7 = [ sin (®t), the instantaneous potential difference across the resistor is

given by
v, =V, sin (1)

Where V,, =IR. In an inductor, the voltage leads the current by 7/ 2; that is, the phase
angle of the voltage is 7,72 more than the phase angle of the current. Since the current is

given as i = [ sin (ot), the instantaneous potential difference across the inductor is given by
v, =V, sin (0t + ©/2)

Where V, = IX. In a capacitor, the potential difference lags from the current by 7/2; that
is the phase angle of the voltage is 7./2 less than the phase angle of the current. Since the

current is given as i = / sin (wt), the instantaneous voltage across the capacitor is given by

v.=V.sin (ot —1/2)

/
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Where V. = IX . The net instantaneous voltage is the sum of the instantaneous voltages
across the resistor, inductor and capacitor: v = V, sin (wt) + V, sin (0t + ©/2) + V. sin
(ot — w/2). But sin (ot + ©/2) = cos (wt) and sin (ot — w./2) = -cos (wt). Therefore,
v =V, sin (wt) + (V, = V) cos (w1). Also, if the phase shift of the net voltage with respect

to the current is 6, then

v =Vsin (ot + 6)
This expression of v can be expressed in terms of cos (wz) and sin (wz) by expanding the
sine: v = V cos () sin (wt) + V sin (0) cos (wt). The coeflicients of cos (wt) and sin (wt) of
both expressions of v can be equated because cos (@z) and sin (wz) are independent functions.

V.=Veos (0)... (1)

V.-V.=Vsin(0)... (2)
An expression for the phase shift of the voltage with respect to the current can be obtained
by dividing equation (2) by equation (1): sin (0) /cos (wt) = tan (0) = (V, = V_)/V, =
(IX, — IX)/(IR) = (X, — X))/ R. Thus 0 is given as follows:

0 = arctan { (X, - X )/R} ={[ oL - 1/(wC)]/R }
An expression for the amplitude of the net voltage can be obtained by squaring equations
(1) and (2) and adding: V.7 + (V, =V )? = { V cos (0)}° + { V sin (6)}° = V7. 'Therefore,

the amplitude of the net voltage is related with the amplitudes of the voltages across the

resistor, inductor and capacitor as follows:
V=NV (V,=V)?)

The total impedance (2) of the series combination is defined to be the ratio between the

between the amplitude of the net voltage and the amplitude of the current in the circuit.
Z=V/I

An expression for Z in terms of R, L, C can be obtained by expressing the voltages in terms

of the current: Z = V./I = V {(IR)? + (IX, — IX)? } /1. Hence,

Z=VI{R+ (X, -X)}=V{R + [0l -1/(0C)]}

Download free eBooks at bookboon.com



Example: A 200 Q resistor, a 20 H inductor and a 5 mF capacitor are connected in series
and then connected to an ac source whose potential difference varies with time according
to the equation v = 120V sin (15¢).
a) Calculate the impedance of the circuit.
Solution: R =200Q; L =20H; C=5mF =5e-3F, w=15rad/s; Z =?
Z=V{R? + [@L - 1/(@C)]*} = V{200 + (15 % 20— 1/15/5¢-3)*} Q = 349.5Q
b) Calculate the amplitude of the current.
Solution: V = 120V; [ =?
[=V/Z=120/349.5A = 0.343 A
c) Calculate the amplitudes of the voltages across the resistor, inductor and capacitor.
Solution: Vo=V, =5V, =2
V.= IR =034%200V = 68.6V
V, = IX, = ToL = 0.343 * 15% 20V = 1029V

V. = IX, = I/(0C) = 0.343 / (15 * 5¢-3) V = 4.6V

d) Calculate the phase shift of the voltage with respect to the current. Which

one is leading?
Solution: 0 =?

0 =arctan { [ oL — 1/(wC)]/R} = arctan { [ 15 * 20— 1/(15 * 5¢-3) ] /200 }
deg = 55°

cos () =V,/V

0 = arccos (V,/'V) = arccos (68.6/120) deg = 55°
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Since the phase shift of voltage with respect to current (0 = B — B) is positive, the voltage

is leading.
e) Obtain a formula for the current as a function of time.

Solution: Since the voltage leads the current by 0 and the phase angle of the voltage is

zero, the phase angle of the current should be -6
0 =55°=55%3.14/180 rad = 0.96 rad; B, = 0 (because v = Vsin (wt)); i () = ?

0=p,-5

B =B -0=0-09=-09

i (t) = Isin (ot + B) = 0.343 A sin (15¢t - 0.96)
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f) Obtain formulas for the voltages across the resistor, inductor and capacitor as a

function of time.
Solution: 0, =0, 0, =n/2, 0. =-n/25v,(t) =% v, (1) =% v, (1) =?
0, =B, B
By, =0,+ B =0+-096=-096
v, = Vysin (ot + B,) = 68.6V sin (15t 0.96) 0, = B, — B,
B,=0 +B =n/2+-096=n/2-096
v, =V, sin (ot + B, ) = 102.9V sin (15t + ©/2—-0.96) 0. = B, — B,
B.,=0.+pB,=-1/2+-09=-1/2- 096
v =V, sin (ot + ) = 4.6V sin (15t -n/2 — 0.96)

Resonant Frequency

The Amplitude of the current through a series connection of a resistor, an inductor and
capacitor depends on the frequency of the source, because the impedance of the combination
depends on frequency. The frequency for which the amplitude of the current is the
maximum for a given amplitude of the voltage is called resonant frequency of the circuit.
Since / = V./Z, I is maximum when ~Z is minimum. Since Z = V {R? + [wL — 1/ (0C)]
°f, Z is minimum when wL — 1/(wC) = 0. Therefore the resonant angular frequency (@)

is the frequency that makes this expression zero.
o =1/V(LC)

The resonant frequency is obtained by dividing the resonant angular frequency by 27; that
is, f = 1/{2n V (LC)}. Resonant frequency has a very important application in the tuning
circuits of radios, televisions and others. A tuning circuit may have a variable capacitor.
The capacitance of the variable capacitor can be dialed so that the resonant frequency of
the tuning circuit is equal to the frequency of the signal to be picked. When signals with
different frequencies arrive on the device, only the signal whose frequency is equal to the

resonant frequency will be received with a significant current.
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Example: The tuning circuit of a radio consists of a series combination of a 1000 Q) resistor,
0.004 H and a variable capacitor. To what capacitance should the capacitor be dialed, if
the radio is to pick a signal whose frequency is 2¢6 Hz.

Solution: The capacitance of the capacitor should be dialed to a value that makes the resonant

frequency of the tuning circuit equal to the frequency of the signal to be picked.
]i=2e6Hz;L=0.004H; C =2
f=1/{2nV(LCO)}

£?=1/(4r°LC)

o

C=1/(4n’f? L) = 1/(4* 3.14° * 2¢6° * 0.004) F = 1.6e-12 F

Root Mean Square Value

The root mean square (RMS) value of an ac signal is defined to be the square root of the
average of the square of the signal. Let’s consider an ac voltage that varies with time according
to the equation v = V' sin (ot). Squaring v? = V2 sin? (wt). The square of the sine can be
expanded using the double angle formula: 2 = V?/2 — V2 cos (2wt) /2. The average of
the first term is itself V272 because it is a constant. The average of the second term is zero
because cosine alternates between equal (numerically) positives and negatives periodically.
Therefore the RMS value (V) of an ac signal is equal to the square root of V?/2; that
is, the RMS value of an ac signal is obtained by dividing the amplitude by vV (2).

Vs = V/V(2)

Similarly the RMS value of the current is given as 7, . = 1/ vV (2). ac voltmeters and

ammeters are designed to measure RMS values.

Example: An ac voltmeter connected to an ac voltage reads 70 V. What is the amplitude

of the voltage.

Solution: The reading of the voltmeter is equal to the RMS value of the voltage.
=10V; V=2

VRMS

V=vV@ V=V *10V=141V
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ELECTRICITY AND MAGNETISM: UNIVERSITY

PHYSICS II-PART 1: NOTES AND EXERCISES ALTERNATING CURRENT CIRCUITS

Average Power

The instantaneous power dissipated in ac circuits is given as the product of the instantaneous
voltage and instantaneous current. Suppose the current varies with time in the form i
= [ sin (ot) and the phase shift of the voltage with respect to the current is 6. Then,
the voltage is given as v = V sin (owt) and the instantaneous power varies with time as
VI sin (wt) sin (ot + 6) = VI cos (0) sin? (wr) + VI sin (6) sin (w1) cos (wt) (the last expression
is obtained by expanding sin (wz + 0)). The average of the first term is V7 cos (6)/2 because
the average of sin? (®t) is equal to 7 /2 as obtained in the previous section. The average
of the second term is zero because sin (wt) cos (wt) = sin (2wt) /2 whose average is zero
because sine alternates between equal (numerically) positives and negatives periodically.

Therefore, the average power (£ ) of an ac circuit is given as follows:

P =1Vcos (0)/2 =1,

av

Vs €05 (0)
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The value cos (6) is called the power factor of the circuit. The circuit yields no power if
the phase shift of voltage with respect to current is + pi; /2 (because cos (m/2) = 0). For
example, no power can be extracted from an inductor or a capacitor because their phase
shifts are 7./2 and -7 /2 respectively. Only a resistor yields power because for a resistor
the phase shift is zero and cos (0) = 1. Actually, it can be said that the power dissipated in
a series connection of a resistor, inductor and capacitor, the power dissipated in the circuit
is equal to the power dissipated in the resistor. Since cos (6) = V,,/V = IR/V, the average
power can also be written as

P =I’R/2=1, R
Example: A 500 Q) resistor, a 60 H inductor and a 0.006 F capacitor are connected in

series and then connected to a potential difference that varies with time according to the
equation v = 20 V sin (201).

a) Calculate the average power dissipated in the circuit.
Solution: V= 20V; 0 = 20rad/s; R= 500Q L = 60H; C= 0.006F; [ =2 (P =I°R/2);P =2

I1=V/Z=V/V{R?+[wl—1/(0C)]?}=20/V{500%+[20%* 60— 1/(20
% 0.006) ]2} A = 0.015A

P =1°R/2=0.015°*500/2W =0.06 W

av

b) Calculate the average power dissipated across the resistor, inductor and capacitor.

Solution The power dissipated across the resistor is equal to the power dissipated in the
circuit which is 0.06 W. The power dissipated across the inductor is zero because the phase
shift of voltage with respect to current is 7./2. The average power dissipated across the

capacitor is zero because the phase shift of the voltage with respect to current is -7./2.
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Practice Quiz 11.2
Choose the best answer

1. Which of the following is a correct statement?

A. The RMS value of an ac signal is the average of the signal.

B. The power factor of an RLC series ac circuit is equal to the sine of the phase
shift between the voltage and the current.

C.The resonant frequency of the series connection of a resistor, inductor and
capacitor connected to an ac signal is the frequency of the signal for which the
amplitude of the voltage is maximum.

D.Power cannot be delivered by a capacitor

E. Power can be delivered by an inductor.

2. The maximum possible power is dissipated in an RLC series circuit when the phase
shift between the voltage and the current is
A. 30°
B. 0°
C. 60°
D.45°
E. 90°

3. Calculate the amplitude of an ac voltage whose RMS value is 20 V.
A. 14.142V
B.40V
C.10V
D.28.284 V
E.20V

4. What will be the reading of an ac ammeter connected to an ac signal that varies
with time according the equation v = 7 A sin (100%).
A. 495 A
B. 14 A
C.7A
D.9.899 A
E.35A -
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ELECTRICITY AND MAGNETISM: UNIVERSITY
PHYSICS II-PART 1: NOTES AND EXERCISES ANSWERS TO PRACTICE QUIZZES

ANSWERS TO PRACTICE QUIZZES

Practice Quiz 1.1

1.A2.D3.D4.D5 A6.B7.E8 D9.C10.B

Practice Quiz 1.2
1.C2.B3.E4.B5 EG6G.E7. B8 A9.E10.D11.D 12. A
Practice Quiz 2.1

1.C2.A3.C4.A5 A6.D7.B8 C9. A10.D

Practice Quiz 2.2

1.D2.B3.C4.E5 E6.C7.C8 A9.E10. E11.C12. A

Need help with your
dissertation?

Get in-depth feedback & advice from experts in your “

topic area. Find out what you can do to improve
the quality of your dissertation!

Get Help Now

Go to www.helpmyassignment.co.uk for more info E/Helpmyassignment

Download free eBooks at bookboon.com

Click on the ad to read more

264


http://www.helpmyassignment.co.uk

Practice Quiz 3.1

1.B2.B3. D4 E5AG6.C7.A8.A9.B10.D11.D 12. D

Practice Quiz 3.2

1.B2.E3.D4.E5 D6.D7.D8 D9.D10.B

Practice Quiz 4.1

1.C2.D3.A4.B5 E6.D7.E8 C9.E10. B 11. A

Practice Quiz 4.2

1.E2.B3.D4.E5 C6.E7.E8 B9.D 10. C

Practice Quiz 5.1

1.B2.A3.C3.D4.D5.D6.D7.D8 B9. E10.B11.C

Practice Quiz 5.2

1.E2.D3.B4.B5.E6.A7.D8 A9 D10.D

Practice Quiz 6.1

1.E2.E3. A4 B5B6.D7.D8A9.D10.A11.E12.C13. B 14. E

Practice Quiz 6.2

1.C2.C3.E4.A5 E6.C7.C8 D9.C10.E

Practice Quiz 7.1

1.E2.B3.C4.C5. A6.B7.A8.D9.D10.C11.D

Practice Quiz 7.2

1.E2.D3.A4.D5A6.C7.B8 A9.E10.B
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Practice Quiz 8.1

1.D2.A3.B4. A5 D6.E7.E8 C9.A10. D 11.D

Practice Quiz 8.2

1.A2.A3.C4.C5 A6.D7.B8C9.C10.B11.C

Practice Quiz 9.1

1.C2.A3.D4.E5B6.C7.B8 D9.E10. A

Practice Quiz 9.2

1.A2.D3.E4.B5 A6.C7.B8B9.E10. A

Practice Quiz 10.1

1C2.A3.C4.E5B6.C7.C8.C9.A10.B

Practice Quiz 10.2

1.A2.E3.C4.D5 D6.E7. A8 C9.B10.B11.C

Practice Quiz 11.1

1.D2.B3.B4.B5 B6.C7.A8 A9.A10.E

Practice Quiz 11.2

1.D2.B3.D4. A5 EG6.A7.B8 E9.A10.B11. E12. E
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To see Part II download:
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